Prym varieties of genus four curves by Bruin, Nils & Sertöz, Emre Can
ar
X
iv
:1
80
8.
07
88
1v
2 
 [m
ath
.A
G]
  2
 M
ay
 20
19
PRYM VARIETIES OF GENUS FOUR CURVES
NILS BRUIN AND EMRE CAN SERTÖZ
Abstract. Double covers of a generic genus four curve C are in bijection with Cayley cubics
containing the canonical model of C. The Prym variety associated to a double cover is a quadratic
twist of the Jacobian of a genus three curve X. The curve X can be obtained by intersecting the
dual of the corresponding Cayley cubic with the dual of the quadric containing C. We take this
construction to its limit, studying all smooth degenerations and proving that the construction,
with appropriate modifications, extends to the complement of a specific divisor in moduli. We
work over an arbitrary field of characteristic different from two in order to facilitate arithmetic
applications.
1. Introduction
Let C ⊂ P3
C
be a canonically embedded complex curve of genus four. If C is generic, there is a
bijection between the 255 two-torsion points ε ∈ JacC [2] of the Jacobian of C and Cayley cubics
Γε ⊂ P3 containing C (see [7]). A Cayley cubic is a surface of degree three with four simple nodes
and its strict projective dual Γ̂ε ⊂ P̂3 is a Steiner quartic. Let QC be the quadric containing C
and Q̂C its dual, then Γ̂ε ∩ Q̂C is a singular model of a genus 3 curve Xε. A beautiful classical
story culminates with the observation that the Jacobian of Xε is the Prym variety Prym(C˜ε/C)
(see [3, 17]) associated to the unramified double cover C˜ε → C induced by ε (see [9, 16, 19]).
In the present paper we generalize this classical work in two directions. For one, we remove
the genericity assumptions on (C, ε) and generalize the construction above to its natural limit.
In addition, with an eye towards arithmetic applications to Prym varieties [4, 5], we perform
these constructions over an arbitrary base field of characteristic not two.
Milne [16] was the first to observe, from a projective geometric setting, that there is a natural
bijection between certain pairs of tritangents of C and 28 bitangents of a plane quartic. Milne’s
paper served as an inspiration for our work and we dedicate the last section to retelling this
beautiful story in modern language.
1.1. Construction. Let k be a field of characteristic not two, let C/k be a proper smooth curve
of genus four and ε ∈ JacC [2](k) a two-torsion point.
We need to distinguish between the special pairs (C, ε) for which the construction of Xε
behaves differently. If QC is singular, then C admits a vanishing theta-null θ, which induces a
natural bijection between two torsion elements ε in JacC [2] and theta characteristics θ ⊗ ε on
C. In this case, we call ε even or odd according to the parity of the theta characteristic θ ⊗ ε.
Whether or not QC is singular, if C admits a degree two map to a genus one curve E and ε is
the pull-back of a line bundle on E we say ε is bielliptic.
A uniform treatment for these cases can be given using the notion of a symmetrization. A
cubic symmetroid Γ ⊂ P3 is, by definition, cut out by the determinant of a 3 × 3 symmetric
matrix of linear forms defined over k. Equivalently, P3 parametrizes conics on P2 in such a way
that Γ becomes the locus of singular conics. Evaluating the conics parametrized by P3 we get
the symmetrization of Γ, a map q : P2 → P̂3 into the dual space of P3.
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We remove all genericity assumptions from [7, Theorem 1.5] and obtain the following result
in Section 4, which is key for the rest of our results.
Theorem 1.1. Every line bundle ε of order two on C gives rise to a natural construction of a
cubic symmetroid Γε ⊂ P3 containing C as well as a symmetrization qε : P2 → P̂3 of Γε. This
construction can be reversed to recover the class of ε from the pair (Γε, qε).
Remark 1.2. If ε is bielliptic then Γε is degenerate, meaning it is a cone over a cubic curve.
When ε is odd then Γε is reducible. Otherwise, Γε is irreducible and normal.
Theorem 1.3. If ε is not odd, then the image of Xε under its canonical map is the pullback
q−1ε (Q̂C) of the dual quadric Q̂C by the symmetrization qε.
In Section 5 we show how this construction induces on Xε an unordered pair {L1,L2} of
residual tetragonal pencils, i.e., L1 ⊗ L2 ≃ ω⊗2Xε . Consequently, we obtain a k-valued point
κε = {L1 ⊗ ω∨X ,L2 ⊗ ω∨X} of the Kummer variety KumX = JacX /〈−1〉 of X. We explain how
to reverse this construction and obtain (C, ε) from (Xε, κε) in the next section.
These constructions can be carried out over arbitrary k primarily because of the following
result, proved in Section 3.5. An implication of this result is Proposition 4.8 which states that if
the isomorphism class of ε is defined over k then there is a representative line bundle over k.
Proposition 1.4. A non-degenerate cubic symmetroid admits a symmetrization over its field of
definition.
1.2. Reverse construction. Suppose X is a curve of genus three and κ = {N,N∨} is a non-
zero, k-valued point of the Kummer variety KumX = JacX /〈−1〉. Over k we define the pair of
tetragonal pencils L1 = ωX ⊗N and L2 = ωX ⊗N∨.
Only the unordered pair {L1,L2} is guaranteed to be defined over k, but for ease of expo-
sition we assume here that the Li are defined over k individually, leaving the general case for
Proposition 6.6. Let Wi = H
0(X,Li) and, with j1, j2 denoting multiplication maps, define a
four-dimensional vector space V ′ as follows:
(1.1)
V ′ W1 ⊗W2
Sym2H0(ωX) H
0(ω⊗2X ).
p
j2
j1
The space |Sym2H0(ωX)| parametrizes conics on P2 = PH0(ωX) and therefore contains the
cubic discriminant locus D parametrizing singular conics. Let ΓX,κ be the cubic symmetroid in
|V ′| obtained by pulling back D, which comes with a symmetrization qX,κ. Denote the pullback
of the smooth quadric |W1| × |W2| →֒ |W1 ⊗W2| into |V ′| by QX,κ.
Theorem 1.5. If C = QX,κ ∩ΓX,κ ⊂ |V ′| is a curve of geometric genus four, then the canonical
isomorphism |V ′| ≃ PH0(ωC) identifies the pair (ΓX,κ, qX,κ) with a pair (Γε, qε) as in Theo-
rem 1.1, for which Prym(C˜ε/C) = JacX .
1.3. Stratification. The results in the preceding theorems can be tied together as follows. Let
R4 be the moduli space of pairs (C, ε), where C is a curve of genus 4 and ε ∈ Pic(C)[2] \ {0}.
We define the following stratification of the open locus in R4 where C is not hyperelliptic:
Ro4 non-hyperelliptic curves excluding the special cases below,
Rodd4 curves with vanishing theta-null and ε odd,
Reven4 curves with vanishing theta-null and ε even,
Rbiell4 bielliptic (C, ε) without vanishing theta-null,
R
biell,even
4 bielliptic (C, ε) with vanishing theta-null.
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stratum QC Γε Xε {L1,L2}
Ro4 nonsingular irreducible non-hyperelliptic general
Reven4 cone irreducible hyperelliptic general
Rbiell4 nonsingular degenerate non-hyperelliptic self-residual
R
biell,even
4 cone degenerate hyperelliptic self-residual
Rodd4 cone reducible non-hyperelliptic canonical
Table 1. Strata of R4, correlated with properties of C and X
Corollary 4.21 shows that ε cannot be bielliptic and odd.
The curve Xε may be hyperelliptic and the pencils {L1,L2} can be canonical (Li ≃ ωXε),
self-residual (L1 ≃ L2) or neither (general). The strata above reflect these properties.
Remark 1.6. If (C, ε) is odd, we cannot expect to construct the curve Xε from (Γε, qε) since C
itself is no longer determined by Γε; indeed Γε ∩QC = QC , see Section 4. The odd case allows
for another construction, see Section 2.3.
Remark 1.7. When k is not algebraically closed, the double cover C˜ε → C may admit quadratic
twists. In this case, the symmetrization of Γε distinguishes a twist and, therefore, fully determines
Xε. In general, even without a symmetrization, one can find the correct twist of C˜ε → C as
it will be the one yielding a Prym variety that is also the Jacobian of a curve. But when Xε
is hyperelliptic, the symmetrization becomes crucial since twists of the Jacobian of Xε are also
Jacobians, hence every twist of C˜ε → C yields a Prym variety that is also a Jacobian.
For the reverse construction there is another arithmetic subtlety. Starting with a self-residual
pencil on X, one obtains a bielliptic C → E over k, but no particular quadratic twist of this
cover is distinguished by data on X. This reflects that quadratic twists of a given C → E yield
the same (Xε,L,L).
1.4. Tritangents and bitangents. In a paper from 1923, Milne [16] constructs 255 plane
quartic curves associated to a general canonical curve C of genus four. Each of the 28 · 255
bitangents of these quartics are shown to be in bijection with the unordered pairs of tritangents
of C via an explicit construction. This paper of Milne was our source of inspiration and we give
a modern treatment of his work in Section 7, showing that his genus three curves indeed give
rise to the corresponding Prym varieties.
Milne specifies the line bundle ε by giving a set of six points on the canonical curve C ⊂ P3
supporting a generic divisor D ∈ |ωC ⊗ ε|. He then recovers Γε via the following.
Proposition 1.8. Suppose (C, ε) is neither odd nor bielliptic. If D ∈ |ωC ⊗ ε| is generic, then
there exists a twisted cubic T passing through the six points in the support of D ⊂ C ⊂ P3. There
is a unique cubic hypersurface containing C and T—it is the Cayley cubic Γε.
Suppose H1, H2 ⊂ P3 are two tritangents of C with contact divisors D1, D2 so that Hi · C =
2Di and D1 +D2 ∈ |ωC ⊗ ε|. If C is generic then D1 +D2 satisfies the genericity assumption of
the proposition above. Milne’s observation rests on the following fact.
Theorem 1.9. Let T ⊂ Γε be the twisted cubic passing through D1 +D2. As a subset of Γε, T
parametrizes singular conics in P2. The singularities of these conics trace a bitangent of Xε.
1.5. Review of literature. Our work is a geometric realization of Donagi’s [12] extension of
Recillas’ trigonal construction [18]. Consider the moduli space Rtrig4 of triplets (C, ε, ϕ : C
3:1−→ P1)
where (C, ε) ∈ R4 and ϕ is a trigonal pencil. Let Mtetr3 be the moduli of pairs (X,ψ : X 4:1−→ P1)
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where X is a genus three curve and ψ is a tetragonal pencil which does not contain fibers
of the form 2p + 2q. The trigonal construction [12, Theorem 2.9] establishes an isomorphism
R
trig
4
∼→Mtetr3 . See Section 2.2 for more details.
Recillas [19] originally observed, by working with generic curves over the complex numbers,
that the isomorphism above descends to a birational map R4
∼−→ K3 where K3 is the moduli
space of Kummer varieties of dimension three. Hidalgo and Recillas [14] extend this to a map
R4 → A3 and study the general fiber. This construction requires the identity section of K3 to be
blown-up, which corresponds to Rodd4 on the left hand side, giving another explanation for the
disparate behavior of the odd locus.
Del Centina and Recillas [10] study projective models of the double cover C˜ → C of a generic
curve C of genus four. The generic member in Rodd4 and the case where Γε is a type (2) cubic
symmetroid is touched upon (see Definition 3.3). Vakil [22] reviews the classical correspondences
involving Rodd4 .
Relations between curves of genus three and four have been observed more than a century
ago, see for instance the articles by Roth [20] and Milne [16]. A remarkable treatment of this
connection, with genus three curves and their Jacobians on the one hand and symmetric cubics
containing genus four curves on the other is given in Coble’s book [9, Sections 14 and 50].
Prym varieties are generically Jacobians only when the base of the double cover is genus
two, three or four. For the arithmetic aspects of the genus three case we refer to [4] and to [1,
Exercise VI.F] for an overview. See [17] for a comprehensive treatment of the general theory of
Prym varieties, including a discussion of the hyperelliptic case.
Acknowledgments. We would like to thank Bernd Sturmfels for constant feedback and for
introducing us to one another during his “tritangent summit” where this project was conceived.
We have also benefited from conversations with Gavril Farkas and Alessandro Verra which we
gratefully acknowledge. Special thanks to Corey Harris for useful observations and computations
at the start of this project. We would like to thank Igor Dolgachev for guidance into the literature
and mathematical comments. We are also indebted to the anonymous referee for careful reading
and detailed feedback, which resulted in significant improvements.
2. Background and notation
Let k be a field of characteristic not two. When V is a finite dimensional k-vector space and
X is a smooth projective k-variety with a line bundle L we use the following notation:
• ωX : the canonical bundle of X,
• |V | : the projective space of one dimensional subspaces of V ,
• PV : the projective space of one dimensional quotients of V ,
• H0(X,F), H0(F) : the global sections of the sheaf F on X,
• h0(F) : the dimension of the k-vector space H0(X,F),
• Z(f) : for f ∈ Symd V denotes the zero locus of f in PV ,
• ksep, k : a separable and algebraic closure of k respectively,
• Xsep : the pullback of X/k to ksep, that is, X ×Spec k Specksep,
• V[L] : the Brauer-Severi variety that provides a model of |H0(Xsep,L)| over k, when
[L] ∈ Pic(Xsep) is a Gal(ksep/k)-invariant class (see [6] for a very explicit description).
• A conic is a curve of degree two (in space or in plane) and a quadric is a degree two
surface in space.
2.1. Genus 4 curves. The canonical model of a genus four non-hyperelliptic curve C is the
complete intersection of a quadric QC and a cubic Γ in P
3. There is a four-dimensional linear
system of cubics containing C.
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A theta characteristic on C is a line bundle η such that η⊗2 ≃ ωC . A theta characteristic
is called odd or even according to the parity of h0(C, η). An even theta characteristic with
h0(C, η) > 0 is called a vanishing theta-null.
An odd theta characteristic η corresponds to an effective divisor Dη of degree three on C.
Since η⊗2 ≃ ωX , the canonical model of C has a tritangent plane Hη satisfying Hη · C = 2Dη.
We will often abuse notation and identify η with Dη.
The rulings of the quadric QC correspond to trigonal pencils on C. If QC is nonsingular then
the two rulings induce two distinct trigonal pencils on C. If QC is singular then C is uniquely
trigonal. The latter happens precisely when C admits a vanishing theta-null. A non-hyperelliptic
genus four curve C admits at most one vanishing theta-null. If C has a vanishing theta-null θ,
then a two-torsion class ε is called even or odd according to the parity of the corresponding theta
characteristic θ ⊗ ε.
Definition 2.1. A class ε ∈ JacC [2] is called bielliptic if C admits a double cover of a genus one
curve b : C → E curve and a class ε′ ∈ JacE [2] such that ε = b∗(ε′).
2.2. The trigonal construction. The trigonal construction [12, 18] establishes a relation be-
tween Prym varieties of trigonal curves and Jacobians of tetragonal curves, over algebraically
closed base field. We recall the construction in order to formulate its implications when applied
to curves over non-algebraically closed base fields.
The construction is based on a Galois-theoretic observation. Let X → L be a degree 4
(ramified) cover of curves, where L is of genus 0. Then the Galois closure X! of X over L
generically is of degree 24, with Aut(X!/L) = S4. The subgroups C4 ⊂ D4 ⊂ S4 provide
subcovers C˜ → C → L. Recillas [18] proves that Prym(C˜/C) = JacX in the generic case and
Donagi [12] generalizes this to stable limits (for special ramification types of X → L).
From a Galois-theoretic perspective, fC : C → L is characterized by being the cubic resolvent
of fX : X → L: for a point p ∈ L, the fiber f−1C (p) parametrizes the ways in which f−1X (p) can
be split into two sets of two, counting multiplicity.
Conversely if we start with a cover C˜ of a trigonal curve C → L, we find that the Galois
closure of C˜ → L generically is of degree 48, with Aut(C˜!/L) = (C2)3 ⋊ S3 ≃ C2 × S4. If
C˜ → C is unramified, then C˜! is not geometrically connected, with the center of Aut(C˜!/L)
interchanging the components. If we take one component X! we obtain a Galois cover X! → L
with Aut(X!/L) = S4, leading to a tetragonal cover X → L with Prym(C˜/C) = JacX .
This result generalizes to non-algebraically closed base field with a minor modification.
Definition 2.2. Let π : C˜ → C be a separable degree 2 map of proper nonsingular curves over
a base field k. We say π′ : C˜ ′ → C is a quadratic twist of π if there is a quadratic extension
k(
√
d)/k and an isomorphism ψ : C˜ → C˜ ′ over k(√d) such that π = π′ ◦ ψ.
Remark 2.3. On the level of function fields we see that if k(C˜) = k(C)[
√
f ] then k(C˜ ′) =
k(C)[
√
df ]. In fact, Kummer theory yields that the quadratic twists of π are classified by k×/k×2.
If C˜ → C → L is defined over a non-algebraically closed base field then two components of C˜!
may be only defined over a quadratic extension k(
√
d) of k. By taking the appropriate twist of
C˜ we can assure the components of C˜! are defined over k, so we obtain the following.
Proposition 2.4. Let C, L be proper nonsingular curves with L of genus 0 and π : C → L finite
of degree 3. Let ε be a line bundle of order two on C. Then there is a double cover π : C˜ → C
such that π∗(ε) = 0 and a degree 4 cover X → L such that Prym(C˜/C) = JacX .
2.3. A remark on the odd case. In [22] the correspondence between Rodd4 and smooth plane
quartics X with a canonical pencil is worked out in detail. An even closer link with del Pezzo
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surfaces can be made explicit, which may be useful for the construction of examples. Let C be a
genus four curve with a vanishing theta-null θ. Then C can be realized as a curve in the branch
locus of the Bertini involution on a del Pezzo surface S of degree one. The exceptional lines on
S correspond two-to-one with the odd theta characteristics on C. Let Eη be such a line. By
blowing down this line we get a degree two del Pezzo surface S′, together with a point pη. It
has an involution (the Geiser involution), branched along a genus three curve X. The quotient
by this involution gives us X ⊂ P2, together with a point p¯η. Generically, projection from p¯η
gives a canonical tetragonal pencil L on X. This is the curve X that Proposition 2.4 associates
C with ε = η ⊗ θ∨ and L is the corresponding tetragonal pencil. Starting with the pair (X,L),
the construction can be reversed to obtain (C, ε).
3. Cubic symmetroids
A symmetroid surface in P3 of degree d is a surface where the defining equation is given as the
determinant of a d× d symmetric matrix with entries that are linear forms in the coordinates on
P
3. We are interested in characterizing the cubic surfaces that admit a symmetroid model. There
is a large classical literature on the subject, see Dolgachev’s book [11, §9.3.3] and the survey by
Beauville [2]. In this section we review these results and extend the characterization to apply to
non-algebraically closed base field as well.
3.1. Basic properties. For the rest of this section let U be a three dimensional vector space and
V be a four dimensional vector space. We give coordinate-free constructions, but for expositional
clarity we fix bases U = 〈z0, z1, z2〉 and V = 〈x0, x1, x2, x3〉. In subsequent sections where (C, ε)
is in play, we have V = H0(C,ωC) and U = H
0(C,ωC ⊗ ε).
Let A : k →֒ V ⊗Sym2 U be given, which we equate to an element in V ⊗Sym2 U up to scaling.
We consider Sym2 U as a subspace of U ⊗ U and obtain from A two tensor contraction maps:
AU : U
∨ → V ⊗ U, AV : V ∨ → Sym2 U . Notice that the order in which we contract U does not
matter due to the symmetry of A. We call A non-degenerate if AV is injective.
In coordinates, we can write the 3-tensor A as a sum
∑
0≤i,j≤3 lij ⊗ zizj, where lij ∈ V and
lij = lji for all i, j. Identifying quadratic forms with symmetric matrices we get:
AV =

l11 l12 l13l21 l22 l23
l31 l32 l33

 .
Alternatively, with x∗0, . . . , x
∗
3 the basis for V
∨ dual to x0, . . . , x3 and qi = AV (x
∗
i ), we have
AV = x0q0(z0, z1, z2) + · · · + x3q3(z0, z1, z2), where q0, q1, q2, q3 are quadratic forms on U∨.
There is a locus D ⊂ |Sym2 U | ≃ P5 parametrizing singular symmetric matrices which is
called the discriminant hypersurface. Naturally, D is cut out by the determinant. Given A ∈ V ⊗
Sym2 U we can use the linear map AV : V
∨ → Sym2 U to pull back the discriminant hypersurface
to a degree three surface ΓA in P(V ) which is cut out by the cubic equation detAV = 0.
Definition 3.1. Let Γ ⊂ P(V ) be a cubic surface. A symmetrization of Γ is a non-degenerate
tensor A ∈ V ⊗ Sym2 U such that Γ = ΓA.
One can view cubic symmetroids as cross-sections of the cubic fourfold D ⊂ |Sym2 U | ≃ P5.
Note that D is singular along non-reduced conics, that is, along the image of the second Veronese
of P̂2 = |U |. The cross-sections will acquire singularities as they pass through these points. The
generic cubic symmetroid, corresponding to the generic cross-section, has four simple nodes. If
AV : V
∨ → Sym2 U is degenerate and has a one-dimensional kernel then ΓA is a cone over a
plane cubic curve. This case is considered in Section 3.7.
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3.2. Classification of cubic symmetroids over algebraically closed fields.
Theorem 3.2 ([7], [11, §9.3.3]). Let Γ be a non-degenerate cubic symmetroid over an algebraically
closed field of characteristic not equal to two. Then, up to projective transformation, it is of the
following form:
(1) Cayley cubic; four nodes in general position: det
(
x0 x3 x3
x3 x1 x3
x3 x3 x2
)
.
(2) Two nodes and one regular double point of type A3: det
( x0 x3 −x3
x3 x1 0
−x3 0 x2
)
.
(3) One node and one regular double point of type A5: det
(
x0 x2 0
x2 x1 x3
0 x3 −x2
)
.
(4) Non-normal, with singularity along {x3 = x2 = 0}: det
( x0 −x3 x2
−x3 x1 x3
x2 x3 0
)
.
(5) Non-normal, with singularity along {x0 = x2 = 0}: det
(
0 x2 x0
x2 −x0 x3
x0 x3 x1
)
.
(6) Reducible; union of a smooth quadric with a tangent plane: det
(
0 x1 x3
x1 0 x2
x3 x2 x0
)
.
(7) Reducible; union of an irreducible quadric cone with a non-tangent plane: det
(
x0 0 0
0 x1 x3
0 x3 x2
)
.
(8) Reducible and non-reduced; union of a double plane with another plane: det
(
0 0 x2
0 x0 x3
x2 x3 x1
)
.
Definition 3.3. Let Γ be a cubic symmetroid over a field k and n an integer from one through
eight. We will say Γ is of type (n) if the base change of Γ to an algebraic closure of k is of type
(n) according to the classification in Theorem 3.2.
3.3. Adjugation map. A symmetrization A gives rise to a linear system of quadratic forms
〈q0, q1, q2, q3〉 on P2 = P(U). If that system is sufficiently general, one expects that for a point
p ∈ P2 there is a unique conic in 〈q0, q1, q2, q3〉 for which the singular locus is p. Let u ∈ U∨ be a
representative of p. The singular locus of a conic is given by the kernel of its symmetric matrix,
so v ∈ V ∨ represents a conic with a singularity at p precisely if AV (v) · u = 0.
In coordinates, we may compute the 1 × 4 adjugate matrix adjAU of the 3 × 4 matrix AU .
The entries of adjAU are cubic forms, inducing the desired map cA : P
2
P
3. As the adjugate of
a non-square matrix annihilates that matrix, we see that cA(p) represents a singular conic with
a singularity at p. In particular, the image of cA lies in ΓA. If cA is birational onto ΓA, then for
a generic point p ∈ P2 there is a unique point [v] ∈ ΓA such that A · v is singular at p.
We obtain the following from a case by case analysis.
Proposition 3.4. The adjugation map cA : P(U) P(W ) is birational onto ΓA if and only if
the symmetrization A is of type (1),(2),(3),(4) or (5). 
Remark 3.5. If A is of type (6), then cA is a birational map onto the degree two component
of ΓA. If A is of type (7), then the image of cA is the one dimensional singular locus of ΓA,
which is a conic. If A is of type (8) then cA maps P
2 on to a conic contained in the non-reduced
component.
A coordinate-free description of the map cA can be obtained by considering the adjugation
map
V ⊗ U = hom(V ∨, U) adj−→ hom(
3∧
V ∨,
3∧
U) = V ∨ ⊗ det(V )⊗ det(U).
Composing AU : U
∨ → V ⊗ U with this adjugation map yields adj(AU ) : U∨ → V ∨ ⊗ det(V )⊗
det(U). After projectivization, we get cA : P(U) P(V ).
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3.4. Gauss map and symmetrization. The Gauss map of a reduced surface S = Z(f) ⊂ P3
is the map taking each smooth point s of S to the unique tangent plane TsS of S. In coordinates,
the map γS : P
3
P̂
3 : p 7→ ∇f(p) restricts on S to the Gauss map of S. The closure of the
image γS(S) is the dual variety Ŝ ⊂ P̂3.
The Gauss map of a cubic symmetroid ΓA can be expressed in terms of the symmetrization
A. Consider AV : V
∨ → Sym2 U as defining a map P2 P̂3, such that a linear form v ∈ V ∨
on the codomain is pulled back to the conic AV (v). In bases, if x
∗
0, . . . , x
∗
3 is a basis for V
∨ and
qi := AV (x
∗
i ) then the Gauss map of ΓA is given by qA : P
2
P̂
3; [z] 7→ [q0(z), . . . , q3(z)].
Remark 3.6. The map qA gives rise to a 3-tensor that is a multiple of the tensor A.
Remark 3.7. If A is of type (1), (2), (3) or (7) then the rational map qA is in fact a regular
map. This can be seen by direct computation. It is fortunate that only these four types of
non-degenerate cubic symmetroids will arise in the Prym construction in Section 5.
Lemma 3.8. For any point p = [v] ∈ P3, the conic cut out by A · v in P2 equals the pullback of
the dual plane Hp ⊂ P̂3 of p via qA : P2 → P̂3.
Proof. The representative v of p is in V ∨ and the dual plane Hp is the zero set of v in P̂
3. Pulling
back Hp is equivalent to computing the zero locus of the pullback form v, which is AV (v) = A ·v
by definition of qA. 
The following well known result links the symmetrization A of ΓA to the Gauss map γA : ΓA
P̂
3, see also [11, Remark 4.1.2].
Lemma 3.9. If A is of type (1)–(6), then the rational maps qA, γA, cA satisfy qA = γA ◦ cA.
Proof. One can check this via a case-by-case analysis. We give a more insightful proof.
Let p = [v] ∈ ΓA be a smooth point. By Lemma 3.8 the pullback of the dual plane Hp to
P
2 is the conic Z(A · v) cut out by A · v. As the point p belongs to ΓA, the conic Z(A · v) is
singular. Since p is a smooth point of ΓA, the conic Z(A · v) is the union of two distinct lines
coming together at a point r ∈ P2. If A is of type (1)–(5) then apply Proposition 3.4 together
with the preceding explanation of cA to conclude cA(r) = p. If A is of type (6) then recall that
the linear component of ΓA is tangential to the quadric component of ΓA and apply Remark 3.5.
Since q∗
A
(Hp) is singular at r, the plane Hp must be tangential to the dual surface Γ̂A at
qA(r). Using the reflexivity theorem [21, Chapter 1] between dual hypersurfaces, we conclude
that qA(r) = γA(p) = γA ◦ cA(r). 
3.5. Classification of cubic symmetroids over non-algebraically closed fields. From
Theorem 3.2 it follows that if a cubic surface Γ admits a symmetrization then the type of the
symmetrization is determined by the singular locus of Γ. Let Γ be a cubic surface over a field k.
In this section we prove that if Γ admits a symmetrization over an algebraic closure of k, then it
admits one over k. First we consider the general case, that is Γ of type (1).
Definition 3.10. Let k be a field of characteristic different from 2. A cubic surface Γ over k is
a Cayley cubic if its singular locus is of dimension 0, of degree 4, is reduced, separable, and is
not contained in a plane.
It follows from the definition of a Cayley cubic that the singular locus is Spec(R) for some
quartic étale algebra R over k. Then Γ has a singular point pR defined over R. Furthermore, the
complement of pR in the singular locus is contained in a plane, given by a linear form h over R.
Without loss of generality, we can assume that R = k[α] and write
h = h0(α)x0 + h1(α)x1 + h2(α)x2 + h3(α)x3.
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We consider the Norm and Trace maps for the finite extension k[x0, x1, x2, x3][α]/k[x0, x1, x2, x3],
which restrict to the ordinary Norm and Trace maps of R/k.
Lemma 3.11. Let Γ be a Cayley cubic over the field k with singular locus given by coordinate
ring R. Define pR and h as above. Then for some δ ∈ R we have
Γ: Trace
(
δ
Norm(h)
h
)
= 0.
In fact, by scaling h we can assume δ = 1.
Proof. Over an algebraic closure we know Γ is projectively equivalent to
x0x1x2 + x0x1x3 + x0x2x3 + x1x2x3 = 0.
In this case, take pR = (1 : 0 : 0 : 0) and h = x0. With a change in coordinates we can
explicitly represent the singular locus as an affine variety to compute Norm(h) = x0x1x2x3, and
the statement of the theorem holds. The general statement follows by covariance under projective
equivalence, together with the basic observation that the given equation is defined over the base
field. For the second assertion, set h′ = δ−1h and note
Trace
(
δ
Norm(h)
h
)
= Norm(δ)Trace
(
Norm(h′)
h′
)
. 
Lemma 3.12. Two Cayley cubics Γ1, Γ2 over k are projectively equivalent if and only if their
singular loci are isomorphic over k.
Proof. One direction is obvious. Suppose now that the singular loci of Γ1, Γ2 are isomorphic.
Since the singular loci are of the same degree, these loci must be projectively equivalent. After
a linear transformation we assume that the singular loci of Γ1 and Γ2 coincide. Then, for a fixed
form h we may write the defining equations as
Γi : Trace
(
δi
Norm(h)
h
)
= 0,
If A is a linear transformation over k that leaves h invariant, we must have that h ◦ A =
δAh for some δA ∈ R∗. In fact, we have an isomorphism between R∗ and the group of such
transformations. By finding A for which δA = δ2/δ1 we see that Γ2 ◦A and Γ1 are both cut out
by the same equation. 
Proposition 3.13. A Cayley cubic Γ defined over k admits a symmetrization over k.
Proof. Let R be the quartic étale algebra of the singular locus of Γ. Pick a primitive element
θ ∈ R and express the minimal polynomial of θ as a0 + a1t+ a2t2 + a3t3 + t4 for a0, . . . , a3 ∈ k.
Consider the cubic symmetric threefold in P4 defined by
D
′ : det

u0 u1 u2u1 u2 u3
u2 u3 u4

 = 0.
Its singular locus D′1 consists of the locus where the symmetric matrix above has rank 1. There-
fore, D′1 is the rational normal curve parametrized by ui = t
i−1. Intersect D′ with the hyperplane
A = {a0u0+a1u1+a2u2+a3u3+u4 = 0} and obtain the cubic symmetroid Γ′ = D′∩A. Observe
that the locus Γ′ ∩ D′1 = Spec(R′) is singular, where R′ = k[t]/(a0 + a1t + a2t2 + a3t3 + t4) is
identified with R. A priori, the surface Γ′ could acquire other singularities if A is tangent to D′
in some nonsingular point. However, direct computation of the dual variety D̂′ of D′ shows that
A is tangent to Γ′ away from the singular locus only if disct(a0 + a1t + a2t
2 + a3t
3 + t4) = 0,
which is not the case, because this is the minimal polynomial of a generator of an étale algebra.
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Consequently, the singular loci of Γ′ and Γ are identified. By Lemma 3.12, Γ and Γ′ are
projectively equivalent over k. Therefore, Γ admits a symmetrization over k. 
Proof of Proposition 1.4. We split the proof by type according to the classification in Theo-
rem 3.2. Proposition 3.13 establishes the theorem if Γ is of type (1). The other possibilities for
irreducible Γ are (2)–(5). For each of those, there is a rational singular point and one can check
that projection from it gives a birational map to P2. In each case on can check that, up to some
Cremona transformations determined by the singularities, this map is a birational inverse to the
adjugation map cA from Proposition 3.4. This shows that cA is defined over k. From Lemma 3.9
it follows that the map qA is defined over k and by Remark 3.6 we can recover A.
Types (6)–(8) are each the union of a plane and a (possibly degenerate) quadric, which are
necessarily each defined over k. The quadric is the determinant locus of a 2×2 symmetric matrix
and the plane is the determinant locus of a 1×1 symmetric matrix. The union is the determinant
locus of the 3 × 3 determinant locus of the block diagonal symmetric matrix obtained from the
two. 
Remark 3.14. Many of the types can be obtained from the same construction in the proof
of Proposition 3.13 by taking non-étale algebras R = k[t]/f(t), where f(t) is some quartic
polynomial. One can check directly that the different factorization types of f(t) lead to irreducible
cubics:
Type ramification type of f(t)
(1) t4 + a1t
3 + a2t
2 + a3t+ a4
(2) (t− α1)2(t2 + a1t+ a2)
(3) (t− α1)3(t− α2)
(4) (t2 + a1t+ a2)
2
(5) (t− α1)4
3.6. A natural double cover. Let D ⊂ |Sym2 U | be the discriminant locus of quadratic forms
on P(U). An element [A] ∈ D defines a singular quadratic form qA on P(U) = |U∨|. It is
a standard result on determinantal varieties that the singular locus D1 of D corresponds to
quadrics A with rk(A) = 1.
A singular quadratic form on P2 describes a pair of lines (coinciding if rk(A) = 1). By labeling
these lines, we obtain an unramified double cover D˜→ D−D1.
If we represent our quadratic form A with a symmetric matrix (aij)i,j=1,...,3, aij = aji, then we
get a relation (a11a22−a212)(a22a33−a223)− (a12a23−a13a22)2 = a22 det(A). Consequently, up to
birationality, the double cover D˜ can be obtained by adjoining any of the roots
√
a212 − a11a22,√
a213 − a11a33,
√
a223 − a22a33 to the function field of Γ. The vanishing of these three minors on
D coincides with D1.
In order to extend the double cover we consider S = {([A], [u]) ∈ D × P(U) | Au = 0}. This
space parametrizes singular conics on P(U) together with a point u in the singular locus. For
[A] ∈ D−D1 we have a unique singularity, so on D−D1 the map S→ D is an isomorphism.
Let T ⊂ P(U) × |U | be the tautological P1-bundle over P(U): for each point x ∈ P(U) the
fiber Tx ≃ P1 parametrizes the lines through x. We define S˜ ⊂ D × T as a double cover of
S ⊂ D × P(U) as follows: S˜ := {(A, x, y) ∈ D × T | Ax = 0, q¯A(y) = 0}, where q¯A is the conic
induced on Tx by A. Roughly speaking, S˜ parametrizes singular conics q in P(U) together with
a point of singularity x as well as one of the two branches of q at x.
Remark 3.15. The fiber of S → D over A ∈ D of rank 1 is a line, parametrizing all points of
the double line qA. The double cover S˜→ S then is branched all along this line. More generally,
the branch locus of S˜→ S is precisely the pullback of the singular locus in D.
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A symmetrization A of a cubic surface Γ gives an embedding Γ ⊂ D. We write SA for the
pullback of ΓA along S→ D. The surface SA forms a partial resolution of the singularities of ΓA.
Restriction of S˜→ S yields a double cover S˜A → SA.
By restricting the cover S˜→ D to ΓA, we obtain a cover S˜A → ΓA, which is finite unramified
of degree 2 outside D1 ∩ ΓA (which is the singular locus of ΓA).
Remark 3.16. If Γ is a cone over a smooth plane cubic curve, then this construction gives an
unramified double cover of the cubic curve. This double cover gives rise to a double cover of Γ
branched only at its vertex.
Theorem 3.17 (Catanese [8]). Over an algebraically closed base field, any cubic symmetroid of
type (1), (2), or (3) has a unique double cover branched only over the singularities.
Corollary 3.18. Any double cover of an irreducible symmetroid of type (1), (2), or (3) branched
only over the singular points is a twist of the cover constructed here.
Remark 3.19. In light of this observation, Lemma 3.9 implies that the symmetrization of ΓA is
unique over k, up to equivalence, if A is of type (1)–(3). The inverse of the map cA is obtained by
blowing up each of the singular points of ΓA exactly once and then blowing down the (−1)-curves.
Using the Gauss map γA we obtain qA = γA ◦ cA.
3.7. Degenerate cubic symmetroids. Suppose now that AV : V
∨ → Sym2 U has a one-
dimensional kernel K ⊂ V ∨. Let Ann(K) ⊂ V be the annihilator of the subspace K. The injec-
tion V ∨/K →֒ Sym2 U induced by A allows us to pull back the discriminant locus D ⊂ |Sym2 U |
onto a cubic plane curve E ⊂ |V ∨/K| = PAnn(K). The corresponding cubic symmetroid ΓA is
the cone over the cubic curve E via the projection PV PAnn(K).
Definition 3.20. For the rest of this paper, a symmetrization A is degenerate if AV has a one-
dimensional kernel, and the cubic curve E constructed above is smooth. The cubic symmetroid
Γ is called a degenerate cubic symmetroid if A is degenerate.
The study of a degenerate cubic symmetroid Γ reduces to the study of the cubic curve E ⊂
PAnn(K) obtained by projecting Γ from its node [Ann(K)] ∈ PV . We refer to [11, Chapters
3–4] for the study of cubic plane curves and their symmetrizations. Let us recall the following
two results from loc. cit.
Proposition 3.21. Symmetrizations of a smooth plane cubic E are canonically in bijection with
the three elements of order two in JacE [2].
Remark 3.22. Since E is smooth, the singular conics parametrized by E are all reduced.
An element of order two ε ∈ JacE [2] induces an unramified double cover E˜ε → E, where E˜ε =
SpecE(OE ⊕ ε) with OE ⊕ ε having the natural algebra structure. In addition, the corresponding
symmetrization induces a natural unramified double cover of E by marking the two components
of each of the singular conics parametrized by E. From [11, Exercise 3.2] we get:
Proposition 3.23. The two double covers of E described above coincide. 
4. The Prym-canonical map
Throughout the section, C is a non-hyperelliptic smooth proper curve of genus four and ε a
line bundle on C of order two. We assume C is embedded into P3 via its canonical map and
denote by QC the unique quadric containing C. We remove all generality assumptions from
Catanese [7, Theorem 1.5] and prove the following theorem. The proof of this theorem is divided
into subsections corresponding to different types of ε.
12 NILS BRUIN AND EMRE CAN SERTÖZ
Theorem 4.1. The line bundle ε corresponds naturally to a pair (Γε, qε) where Γε ⊂ P3 is a
cubic symmetroid containing C and qε : P
2 → P̂3 is a symmetrization of Γε.
This correspondence admits different interpretations with suitable restrictions on ε. We list
the most prominent ones here.
Theorem 4.2. If (C, ε) is not odd, the natural double cover of (Γε, qε) restricts on C to an
unramified double cover which coincides with the double cover C˜ε → C associated to ε.
Notation 4.3. The line bundle ωC ⊗ ε induces the Prym-canonical map ρε : C → P2ε where
P
2
ε := PH
0(ωC ⊗ ε). We will use Cε to refer to the image ρε(C).
Theorem 4.4. If ε is not odd or bielliptic, then the adjunction map cε : P
2
ε P
3 of Cε is defined
by cubics, the image of cε is Γε and the adjugate of cε is the symmetrization qε.
The following theorem highlights our insistence on keeping track of symmetrizations as well
as the cubic symmetroids.
Theorem 4.5. If ε is bielliptic then Γε is a cone over a cubic plane curve E ⊂ P2. The
symmetrizations of Γε correspond to symmetrizations of E, each inducing a different line bundle
of order two on C (one of which is ε).
Over the algebraic closure of the base field, the symmetroids of type (1)–(3) admit a unique
symmetrization (Remark 3.19) whereas a degenerate cubic symmetroid is a cone over a plane
cubic and admits three symmetrizations (Section 3.7).
Corollary 4.6. If QC is smooth, then isomorphism classes of line bundles of order two on
C are in bijection with irreducible cubic symmetroids containing C taken together with their
symmetrizations.
If QC is singular, then there are infinitely many cubic symmetroids of type (7) containing C—
consider the union of QC with a plane that is not tangent to QC . Only 120 of these symmetroids
appear via the construction in Theorem 4.1 and their linear component is a tritangent of C. The
odd case is different in many ways, see Section 4.3.
Corollary 4.7. The sextic C is the complete intersection of Γε and QC if and only if Γε is not
of type (7). The symmetroid Γε is of type (7) precisely when ε is odd.
In proving these results we make sure that the relevant constructions can be performed over
the base field k. However, as the main properties of these constructions can be checked by passing
to an algebraic closure of k we will assume until Section 4.5 that k is algebraically closed to ease
the exposition. To ensure that our constructions carry through when k is not algebraically closed,
we prove the result below in Section 4.5.
Proposition 4.8. If [ε] ∈ Pic(Csep)[2] is Gal(ksep/k)-invariant then there exists a line bundle ε
on C over k that represents the class [ε].
4.1. The general case: irreducible symmetroids. Suppose that (C, ε) is neither odd nor
bielliptic. We use Notation 4.3 freely.
Theorem 4.9. Adjunction on the Prym canonical curve Cε ⊂ P2ε gives a cubic rational map
cε : P
2
ε P
3 such that the image of cε is an irreducible non-degenerate cubic symmetroid Γε
containing C ⊂ P3. Furthermore, every irreducible non-degenerate cubic symmetroid containing
C arises in this way.
The method of proof follows that of Catanese [7]. Our contribution to this case is Lemma 4.11
which allows us to take Catanese’s argument to its natural limit. This gives us the additional
case where (C, ε) is even.
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Proof of Theorem 4.9. Resolve the singularities of the Prym canonical sextic ρε(C) ⊂ P2ε by a
minimal number of blow-ups Sε → P2ε. The linear system ωS(C) induces a map Sε → P3 which
restricts on C ⊂ Sε to the canonical embedding C →֒ P3. The image of Sε in P3 is an irreducible
non-degenerate cubic symmetroid (Lemma 4.12). The inverse of the blow-up map P2ε Sε
composed with Sε → P3 gives the desired map cε : P2ε P3, which is defined by cubics. The last
sentence of the theorem follows from Lemma 4.13. 
Definition 4.10. In resolving Cε one blow-up at a time the multiplicity of the node being blown-
up is recorded at each step to form the multiplicity sequence of Cε. The sequence is ordered to
be non-decreasing.
Lemma 4.11. The multiplicity sequence of Cε is (3, 2, 2, 2) when ε is odd and (2, 2, 2, 2, 2, 2)
otherwise.
Proof. The computation given in [7, pg. 36–37] implies that the multiplicity sequence of Cε is
either (3, 2, 2, 2) or (2, 2, 2, 2, 2, 2). Now use Proposition 4.19, which states that Cε admits a
triple point if and only if ε is odd. 
The curve C embeds into Sε as the proper transform of Cε. By adjunction, the line bundle
ωSε(C) restricts to the canonical bundle on C.
Lemma 4.12. The line bundle ωSε(C) induces a map ψε : Sε → P3 which restricts to the canon-
ical embedding of C. The image of the map ψε : Sε → P3 is a cubic symmetroid.
Proof. The degree of ψε(Sε) is readily computed as in [7, pg. 37]. We replace the hypothesis
in loc. cit. that C admits no vanishing theta-null with the observation in Lemma 4.11 that the
multiplicity sequence of Cε is (2, 2, 2, 2, 2, 2). That Γε is a cubic symmetroid follows from [8,
Theorem 2.19] as demonstrated in [7, Theorem 1.3]. 
Composing ψε with the rational inverse of the blow-up map πε gives the rational map cε : P
2
ε
P
3 whose image is a cubic symmetroid containing C. A divisor class computation on Sε implies
that cε is defined by a linear system of cubics.
Conversely, take an irreducible non-degenerate cubic symmetroid Γ containing C ⊂ P3 and
a symmetrization q : P2 → P3 of Γ. We have an induced double cover of Γ branched over the
nodes (Section 3.6) which induces a line bundle ε on C of order two. Let S → Γ be a minimal
resolution of singularities and identify C with its preimage in S.
Lemma 4.13. There is a map π : S → P2 whose restriction π|C : C → P2 is ρε.
Proof. Let H ⊂ S be the pullback of a hyperplane section from Γ. There is a divisor L on
S such that 2L is equivalent to the reduction of the exceptional divisor of S → Γ (see proof
of [7, Theorem 1.3]). The line bundle OS(H − L) induces the map π restricting to ρε on C as
computed in [7, end of p. 37]. 
4.2. The bielliptic case. Let us recall that symmetrizations of a degenerate cubic Γ are in
bijection with the double covers of Γ (Section 3.7).
Proposition 4.14. There is a natural bijection between bielliptic elements of order two ε ∈
JacC [2] and symmetrizations of degenerate cubic symmetroids containing C.
Proof. Assume ε is bielliptic and let b : C → E, ε′ ∈ JacE [2] such that b∗ε′ ≃ ε be as in
Definition 2.1. We prove in Lemma 4.15 that there is a unique cubic line bundle µ on E satisfying
b∗µ ≃ ωC . This provides a cubic model E →֒ P2 = |µ|∨.
Let f : E → P2 = PH0(µ) denote the cubic embedding of E via the line bundle µ. The
inclusion H0(µ) →֒ H0(ωC) yields a projection map pr: PH0(ωC) PH0(µ) satisfying pr |C = f◦b.
Therefore, C is contained in the cone over f(E) ⊂ P2.
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Conversely, if Γ is a cone over a plane cubic curve E and Γ contains C then projecting from
the node of Γ recovers a double cover C → E. Symmetrizations of Γ and E are in bijection. Now
use Proposition 3.21. 
Lemma 4.15. Let b : C → E be a double cover of a curve of genus one. There is a degree three
line bundle µ on E over k, unique up to isomorphism, such that b∗µ ≃ ωC .
Proof. Use the Riemann–Hurwitz sequence to see that the ramification divisor R ⊂ C of b is a
canonical divisor. Let B = b(R) be the branch locus on E. By the theory of double covers, there
is a line bundle µ of degree three such that µ⊗2 ≃ OE(B) and b∗OC = OE ⊕µ∨. It is a standard
observation that the natural map b∗µ∨ → OC realizes b∗µ∨ as the ideal sheaf of the ramification
locus. Consequently, b∗µ ≃ OC(R) ≃ ωC . Uniqueness of such µ follows from the injectivity of
the pullback map b∗ : JacE → JacC [17, pg. 332]. 
Proposition 4.16. Using the notation above, the Prym canonical map ρε : C → P2 factors
through b : C → E and a map f ′ : E → P2 given by the complete linear system µ⊗ ε′.
Proof. Since b∗µ ≃ ωC and b∗ε′ ≃ ε we find b∗(µ⊗ ε′) ≃ ωC ⊗ ε. Since both linear systems have
the same number of sections, we are done. 
4.3. The odd case. Assume C admits a vanishing theta-null θ, fix an odd theta characteristic
η, and let ε = θ⊗η∨. Recall C is contained in a singular quadric QC . We argue that the natural
cubic symmetroid Γε associated with (C, ε) is the union QC ∪Hη.
Together with Proposition 4.19, the computation given in [7, pg. 36–37] implies that the
multiplicity sequence of Cε is (3, 2, 2, 2) and the image of the adjunction map cε : P
2
P
3 is QC .
To further study cε we state the following theorem, see Section 4.4 for the proof.
Theorem 4.17. The curve Cε has a unique triple point n0 and it satisfies ρ
∗
ε(n0) ≡ η. There is
a bijection between points u ∈ C with u ≤ η and singularities nu of Cε \ n0. The bijection is so
that 〈n0, nu〉 is the maximally tangent line to the branch of Cε at n0 containing u. Furthermore,
there exists a unique line L0 satisfying L0 ∩ Cε = {nu | u ≤ η}. If ℓu ≤ η but (ℓ+ 1)u 6≤ η then
nu is of type A2ℓ−1 or A2ℓ. The ray of QC containing u is tangential to C iff nu is of type A2ℓ.
From this description, the geometry of the map cε can be made explicit. After resolving the
singularities of Cε by blow-ups, we obtain a total of three distinguished lines: the total transform
of the lines 〈n0, nu〉 and, if Hη has higher order of contact, exceptional divisors not intersecting
the proper transform of Cε. These three lines are contracted to points u ≤ η, with ℓ lines
contracting to u if ℓu ≤ η but (ℓ + 1)u 6≤ η. The exceptional divisor over n0 maps to Hη ∩QC
and the distinguished line L0 maps to the node of QC .
As in the other cases of (C, ε), four curves are contracted to four singular points of Γε, counted
appropriately. Moreover, as (C, ε) is deformed, Γε deforms into a Cayley cubic whose four
singularities come out of these four special points, namely the contact points of Hη and the node
of QC .
An important distinction between the odd case and remaining cases is that there is no natural
double cover of the cone (or its blow-up Sε) which induces the double cover of C corresponding
to ε. Also, the usual trick of recovering the symmetric cubic Γε from the adjugate of cε does not
work here, as adj(cε) maps P
2 onto a circle so we can only recover QC and not Hη.
Remark 4.18. Since Hη is determined by cε, we can also determine qε from cε. In computations,
this amounts to augmenting adj(cε) with the square of a linear form cutting out L0.
4.4. Singularities of Cε when ε is odd.
Proposition 4.19. The curve Cε has a point of multiplicity three if and only if ε is odd.
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Proof. There are no points of multiplicity four or higher on the sextic Cε since C is not hyper-
elliptic. Suppose n ∈ Cε is a triple point and let D = ρ∗ε(n) be the preimage. Projecting from
the triple point n gives the trigonal pencil L := ωC ⊗ ε(−D). Observe that L⊗ ε ≃ ωC(−D) is
effective and apply Lemma 4.20.
Conversely, if ωC ⊗ ε ≃ θ ⊗ η where θ is a vanishing theta-null and η is an odd theta charac-
teristic, then let D be the divisor in |η|. Now ωC ⊗ ε(−D) ≃ θ has two sections. Therefore, ρε
contracts D to a node of multiplicity three. 
Lemma 4.20. If L is a trigonal pencil on C and ε ∈ JacC [2] is an element of order two for
which |L⊗ ε| 6= ∅ then L is a vanishing theta-null and ε is odd.
Proof. We have deg(L) = 3 and h0(L) = h0(ωC ⊗ L∨) = 2. If L⊗2 6≃ ωC then h0(L⊗2) = 3
and Sym2H0(L)
∼→ H0(L⊗2). From |L⊗2| we obtain a model of C as a trigonal cover of a conic
Q ⊂ PH0(L⊗2). For each D ∈ |L⊗ε| we have 2D ∈ |L⊗2|. However, if a line is not tangential to
Q then it has no chance of inducing a divisor divisible by two since the map C → Q is of degree
3. A tangent line to Q does pull back to an even divisor 2D′, but then D′ ∈ |L|. As a result,
|L⊗ ε| = ∅. 
Corollary 4.21. The pair (C, ε) cannot be both bielliptic and odd.
Proof. The Prym-canonical image of a bielliptic pair is a smooth cubic whereas the Prym canon-
ical image of an odd pair has a triple point. 
For the rest of this section we assume (C, ε) is odd with θ the vanishing theta-null and η = θ⊗ε
with Hη the corresponding tritangent.
Lemma 4.22. The tritangent Hη does not pass through the vertex of QC .
Proof. Suppose it does not. Then Hη · QC = L1 + L2 where Li are distinct lines. The point
L1 ∩L2 is the vertex of QC and is not contained in C. Since Hη ·C = (L1+L2) ·QC C is an even
divisor, each Li ·QC C must be even, which is a contradiction. 
Lemma 4.23. The singularities of Cε that are distinct from the triple point n0 are in bijection
with the contact points of the tritangent Hη.
Proof. Let n ∈ Cε \ n0 be a singular point. The line L := 〈n0, n〉 pulls back on C to a divisor
D + η where D ∈ |θ| as in Proposition 4.19. If x, y ∈ C are such that ρ∗ε(n) ≥ x+ y and we set
z ∈ C so that x+ y + z ≡ θ then 2 = h0(θ ⊗ η − x− y) = h0(η + z), which implies z ≤ η.
Conversely, suppose z ≤ η and let D ∈ |θ| be the unique divisor such that D ≥ z. We have
h0(θ ⊗ η − (D − z)) = h0(η + z) = 2 which implies that the divisor D − z maps to a singular
point n of Cε. The points on D − z lie on a ray of the cone QC so that D − z 6= η as a result of
Lemma 4.22. Since ρ∗ε(n0) ≡ η we have n 6= n0. 
For u ≤ η let nu ∈ Cε denote the corresponding singularity, that is ρ∗ε(nu) + u ∈ |θ|.
Remark 4.24. The proof of Lemma 4.23 implies that nu lies on the line maximally tangent to
the branch of Cε at n0 containing z.
Lemma 4.25. If ℓu ≤ η and (ℓ + 1)u 6≤ η then nu is of type A2ℓ−1 or A2ℓ. The ray of QC
containing u is tangential to C if and only if nu is of type A2ℓ.
Proof. Recall from Lemma 4.11 that the multiplicity sequence of Cε is (3, 2, 2, 2). In light of
Lemma 4.23, this finishes the proof if Hη has three distinct contact points.
In general, fix u ≤ η and let ρ∗ε(nu) = x+ y. The multiplicity sequence of nu consists only of
2’s and we look for higher tangents. Let D := ω⊗ε−2x−2y and E = ωC−D. Since x+y+u ≡ θ
we have E ≡ η − u + x + y, which is effective. Obviously, D is effective precisely when E is
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dominated by a canonical divisor. There exists a unique ray L of QC satisfying L · C ≥ x + y
and then L ·C = x+ y+u. There exists a unique line L′, necessarily contained in Hη, such that
L′ · C ≥ η − u. Then E ≤ ωC if and only if L and L′ intersect.
We claim L and L′ intersect precisely when u ≤ η − u. If u ≤ η − u then u ∈ L′ and thus
L∩L′ 6= ∅. If L∩L′ 6= ∅ then L∩Hη = u implies u ∈ L′. Assuming u 6≤ η− u we get L′ ·C ≥ η,
which is a contradiction as there is a unique hyperplane H with H · C ≥ η.
Therefore, nu admits a higher tangent (D ≥ 0) precisely when 2u ≤ η. It is clear from the
previous argument that 3u ≤ η if and only if the higher tangent has contact order 6 at nu. The
singularity nu being unibranch is equivalent to x = y, which implies L is tangent to C at x. 
Lemma 4.26. There exists a unique line L0 ⊂ P2 such that L0 ∩ Cε = {nu | u ≤ ηu}.
Proof. Write η =
∑
i ℓiui where ℓi ∈ {1, 2, 3} and let θ−ui = xi+yi. Then 3θ ≡
∑
i ℓi(xi+yi+ui)
so that ωC ⊗ ε = 3θ ⊗ η∨ contains the divisor
∑
i ℓi(xi + yi). Recall ρ
∗
ε(nui) = xi + yi. 
4.5. Proof of Proposition 4.8. Let ε be an order two line bundle on C defined over ksep and
suppose that the isomorphism class [ε] is Gal(ksep/k)-invariant. We show that a representative
for the class [ε] exists over k.
Using Theorem 4.1 we get a cubic symmetroid Γε ⊂ P3 = |ωC | over ksep, but since the
construction of Γε only depends on the isomorphism class of ε, we see that the cubic Γε is
Gal(ksep/k)-invariant and hence defined over k.
The construction of Γε canonically identifies PH
0(ωC ⊗ ε) with the domain of the symmetriza-
tion map qA (see Section 3.4). From Proposition 1.4 it follows that for non-degenerate Γε, the
symmetrization map is defined over k as well, and that the domain is in fact isomorphic to P2
over k. As a result, PH0(ω⊗ε) has k-rational points, which means that |ωC⊗ε| contains effective
divisors that are defined over k. It follows that we can assume ε is defined over k.
When ε is bielliptic (see Definition 2.1) we get degenerate cubics Γε (Section 3.7). In this case,
Γε is a cone over a cubic plane curve E ⊂ P2 defined over k. Let ℓ be the degree three divisor
class on E corresponding to the pullback of a line on P2. Observe that JacE contains a k-rational
point [ε′], this is the class which pulls back to [ε] on C. Define the map ψ : E → JacE given by
p 7→ [3p − ℓ]. Obtain the degree 0 divisor D = ψ∗([ε′] − [OE ]), which is defined over k. We see
that [3D] ≡ ψ∗(D) ≡ 9([ε′]− [OE ]) ≡ [ε′]− [OE ]. As a consequence, OE(3D) represents the class
[ε′]. Pulling back the line bundle OE(3D) to C gives a representative of [ε].
5. Constructing the genus three curve
Let C ⊂ P3 be a canonically embedded curve of genus four with ε a line bundle on C of order
two. We give an explicit construction of Xε with the pair of tetragonal pencils (L1,L2).
Let qε : P
2
ε → P̂3 be the symmetrization corresponding to ε obtained from Theorem 4.1 and
let Γ̂ε = qε(P
2) be the strict dual of Γε. The quadric containing C is QC and Q̂C ⊂ P̂3 is the
dual of QC . When QC is singular, Q̂C denotes the plane dual to the vertex of QC and we write
q̂C ⊂ Q̂C for the conic parametrizing the enveloping planes of QC .
Theorem 5.1. If ε is not odd, then the image of Xε under its canonical map is the pullback
q−1ε (Q̂C) of the dual quadric Q̂C by the symmetrization qε.
Remark 5.2. We do not exclude the possibility that Xε is hyperelliptic, whose canonical image
is a conic. This happens precisely when ε is even. In this case, the eight branch points on the
conic q−1ε (Q̂C) are q
−1
ε (q̂C).
It remains to identify the two tetragonal pencils (L1,L2) on X corresponding to (C, ε). In
fact, these pencils play a central role in the proof of Theorem 5.1.
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Theorem 5.3. If QC is smooth then the two linear systems |L1| and |L2| on Xε are obtained by
pulling back the two rulings of Q̂C .
When QC is singular there are some arithmetic subtleties which we deal with in Section 5.6.
For now assume k = k, let S be the double cover of the plane Q̂C branched over q̂C and note
S ≃ P1 × P1. Let Y = Γ̂ε ∩ Q̂C and Y the preimage of Y in S.
Theorem 5.4. If QC is singular and Γε is non-degenerate (ε is even, not bielliptic) then Xε is
the normalization of Y . The two tetragonal pencils (L1,L2) on Xε are induced by the two rulings
of S. The pencils L1 and L2 are conjugated by the hyperelliptic involution on Xε.
Theorem 5.5. If QC is singular and Γε is a cone (ε is even and bielliptic) then Xε ≃ Y ×Y
q−1ε (Y ). The two pencils L1 ≃ L2 induced from the rulings of S coincide as Y is the diagonal of
S.
5.1. Strategy of proof. We sketch the strategy for smooth QC and Γε not a cone, the other
cases being analogous. The Jacobian of the pullback X := q−1ε (Q̂C) is the Prym variety of C
if X is reduced and the pair (C,X) fit into Recillas’ trigonal construction (see [18] or [12, §2.4]
and Proposition 2.4).
A ruling of QC induces a trigonal map fC : C → L and the dual ruling in Q̂C induces a
tetragonal pencil fX : X → L obtained by pulling back the lines in Q̂C via qε. Notice that we
canonically identified the target L’s of fC and fX .
Any point x ∈ C, by the virtue of being in Γε, will induce a singular conic qx on P2. We will
prove that the two components of this singular conic partition the fiber f−1X (fC(p)) into two sets
of two. This establishes that (C,X) fit into Recillas’ trigonal construction.
It remains to show that the double cover C˜ε → C induced by ε is obtained by labeling the
partitions induced on the fibers of fX . Equivalently, we may show C˜ε marks the components
of the singular conics parametrized by C. Theorem 4.2 states that the double cover C˜ε → C is
induced by the natural double cover of the cubic symmetroid Γε. Section 3.6 proves that this
cover is obtained by labeling the components of the singular conics parametrized by Γε. This
concludes the outline of proof.
5.2. General case. We assume (C, ε) is not bielliptic, odd or even.
Lemma 5.6. The curve X = q−1ε (Q̂C) is reduced.
Proof. If X is non-reduced, we can find a singular point p ∈ X where cε is well defined and the
differential dqε|p is of full rank. Then the plane Hq := imdqε|p must be tangential to Q̂C at
qε(p). The identity qε = γε ◦ cε (Lemma 3.9) implies qε(p) is dual to the tangent plane Hc of Γε
at cε(p). Since Hq is tangential to qε(P
2) at qε(p), cε(p) is dual to Hq by the reflexivity theorem.
With Hq tangent to Q̂C at qε(p), Hc must be tangent to QC at cε(p). This contradicts that C is
a smooth complete intersection of QC and Γε (Corollary 4.7). 
Lemma 5.7. General x ∈ C naturally partitions f−1X (fC(x)) ⊂ X into two sets of two.
Proof. Let L1, L2 ⊂ QC be the two lines of QC passing through x with duals L̂1, L̂2 ⊂ Q̂C . Up
to relabeling, f∗CfC(x) = L1 · C and f∗XfC(x) = X · q∗ε(L̂1).
Let Hx ⊂ P̂3 be the plane dual to x. The conicq−1ε (Hx) ⊂ P2ε induces on X the degree eight
divisor D1+D2 where Di := X · q−1ε (L̂i). Since x ∈ Γε, the pullback q−1ε (Hx) is a singular conic
ℓ1 ∪ ℓ2. Therefore, D1 + D2 is partitioned into two, namely ℓ1 · X and ℓ2 · X. We claim ℓi’s
contain precisely two points in each Di. Indeed, we may view qε(li) as a (possibly non-reduced)
conic in Hx which can only intersect L̂j at two points. 
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5.3. Bielliptic non-even case. Assuming ε is bielliptic but not even, Γε is a cone but QC is
not. Then qε realizes P
2 as a a fourfold cover of the plane Hε dual to the vertex of Γε.
Lemma 5.8. The conic Q̂C ∩Hε is smooth and X = q−1ε (Q̂C) is reduced.
Proof. If the intersection is singular then Hε is tangential to Q̂C . Then the vertex of Γε is on
QC , in which case C = QC ∩ Γε would have to be singular.
The map qε : P
2
ε → Hε is branched along a smooth cubic in Hε. Then X must be reduced
since the conic Q̂C ∩Hε cannot be contained in the branch locus. 
The map qε|X : X → Q̂C ∩Hε is a tetragonal pencil, which we will denote by fX .
Lemma 5.9. General x ∈ C naturally partitions f−1X (fC(x)) ⊂ X into two sets of two.
Proof. There is a line L ⊂ QC for which f∗CfC(x) = L · C. Then D := q−1ε (p) · X is the fiber
f∗XfC(x). Since x ∈ Γε, the pullback q−1ε (Hx) is the union of two distinct lines ℓ1 and ℓ2. As in
Lemma 5.7 we see that X · ℓi induces the desired partition of D. 
The argument that X corresponds to ε is analogous to the one given in Section 5.1. This
concludes the proof of Theorem 5.1 for this case. We note the following.
Lemma 5.10. Projecting from the vertex of Γε realizes the quadric QC as the double cover of
the plane H∨ε branched over the smooth conic dual to qε(X) ⊂ Hε.
Proof. By construction of X, we have qε(X) = Hε ∩ Q̂C . Note that Hε is the plane dual to
the vertex of Γε. The projection of QC from this vertex gives a branch locus in H
∨
ε dual to
Hε ∩ Q̂C . 
5.4. Even non-bielliptic case. Assume (C, ε) is even but not bielliptic. Thus, QC is a cone
but Γε is not. The dual Q̂C is a plane containing q̂C .
Lemma 5.11. The conic X = q−1ε (Q̂C) is smooth and B := q
−1
ε (q̂C) is reduced.
Proof. The vertex of QC cannot lie on Γε so the pullback q
−1
ε (Q̂C) is smooth. If B is not reduced,
q̂C is tangential to the dual Γ̂ε of the cubic symmetroid Γε. By the reflexivity theorem, Γε is
tangential to QC and C is singular. 
The conic X has eight distinguished points B and we can construct a hyperelliptic curve
X → X as the double cover of X branched over B. We show that the Jacobian of X is the Prym
variety determined by (C, ε). Consider a double cover S of the plane Q̂C branched over the conic
q̂C . Write Y for the singular plane quartic qε(X) = Q̂C ∩ Γ̂ε. Let Y ⊂ S be the preimage of Y .
Lemma 5.12. The curve Y is irreducible and of geometric genus three.
Proof. The double cover S → Q̂C is just a projection map therefore Y is a (4, 4)-curve in
S ≃ P1 × P1 of arithmetic genus nine.
Counting with multiplicities, Y has three singularities since it is a degree four plane curve of
geometric genus 0. If Y were reducible, it would have to break into two isomorphic copies of X,
each embedded as a (2, 2)-curve. But a (2, 2)-curve in P1 × P1 has arithmetic genus one and,
therefore, cannot support three singularities. This proves Y is irreducible. With six singularities,
this makes Y a genus three curve ramified exactly over the eight distinguished points of Y . 
Define X to be the desingularization of Y , so that X → X is a hyperelliptic curve branched
over B. The two rulings of S induce a pair (L1,L2) of tetragonal pencils on X. It is clear that
the target of the trigonal pencil of C is identified with the target of both of these tetragonal
pencils on X. Let ι : X → X denote the hyperelliptic involution.
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Lemma 5.13. The two pencils L1 and L2 are conjugate under the hyperelliptic involution. More-
over, for any p ∈ X and any D ∈ |Li| we have p+ ι(p) 6≤ D.
Proof. For any L̂ ⊂ Q̂C tangent to q̂C , let L̂1 and L̂2 stand for the two lines in S above L̂. The
intersections Y · L̂i must be conjugate as they map to the same four points L̂ · Y . It is clear that
a base-point-free tetragonal pencil cannot contain a pair of conjugate points. 
Let us fix one of the rulings of S and consider the associated tetragonal pencil fX : X → P1.
In light of Section 5.1, it remains to prove the following result.
Lemma 5.14. Every x ∈ C partitions the fiber f−1X (fC(x)) ⊂ X into two sets of two.
Proof. A point x ∈ C is contained in a ray L ⊂ QC which has dual L̂ ∈ Q̂C , which is a tangent
of q̂C . Let D be the divisor on X induced by L̂. Equivalently, D = X · qε(Hx), where Hx ⊂ P̂3
is the plane dual to x. However, since x ∈ Γε the pullback of Hx breaks into two lines, each of
which intersects X at two points.
Let (D1,D2) ∈ |L1|× |L2| denote the pair of divisor induced by pulling back L̂ to S. Then Di
lies over D and by Lemma 5.13 no two points of Di map to the same points in D. As a result,
the partitioning induced on D induces a partition on Di into two sets of two. 
5.5. Even and bielliptic case. We now assume that (C, ε) is even and bielliptic. In this case
qε(P
2
ε) is a plane Hε ⊂ P̂3 which is transversal to the plane Q̂C .
Lemma 5.15. The curve X := q−1ε (Q̂C) is a smooth conic. The eight points B := q
−1
ε (q̂C) ⊂ X
are all distinct.
Proof. For the first claim, the proof of Lemma 5.11 applies verbatim. For the second, we need
to show that Hε is not tangential to q̂C . Indeed, if p ∈ q̂C ∩Hε were a point of tangency, then
the vertex of Γε would be on a ray of QC and C would not be smooth. 
The line Y = Q̂C ∩Hε has two distinguished points {p1, p2} = Y ∩ q̂C . Consider the double
cover Y of Y branched over p1, p2. Observe that X fits into the following Cartesian diagram:
(5.1)
X Y
X Y
p
f
2:1 2:1
4:1
As Y is of genus zero, the map f : X → Y is a tetragonal pencil. Let L = f∗OY (1).
Lemma 5.16. The line bundle L is invariant under the involution of X, i.e., L ≃ ι∗L. Moreover,
L⊗2 ≃ ω⊗2X but L 6≃ ωX .
Proof. The involution ι : X → X commutes with the involution of Y over Y . Since the line
bundle OY (1) is invariant under this involution, so is its pullback L.
The line bundle L⊗2 is the pullback of OY (2), which in turn is the pullback of OY (1). The
pullback of OY (1) to X is OX(2) since the map qε is defined by quadrics. Moreover, the pullback
of OX(1) to X is ωX . This proves the second statement.
Finally, if L ≃ ωX then the map X → Y must be the composition of the canonical map
X → X →֒ P2 with a projection P2 P1. On the other hand, the eight Weierstrass points
on X all get mapped to the two ramification points of Y over Y . This means that the point
of projection P2 P1 must be the intersection of two lines each of which contain four branch
points of X → X. This is impossible since X is of degree two in P2. 
Proposition 5.17. The triple (X,L,L) corresponds to (C, ε) via the trigonal construction.
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Proof. As in the previous cases, we will show that a general point p ∈ C induces a pair of divisors
(D1,D2) ∈ |L| × |L| and a (2, 2)-partition of each Di. The dual plane Hp of p intersects Y at
a single point q with preimages q1, q2 ∈ Y . The preimages of q1 and q2 in X give a pair of
conjugate divisors, say D1 and D2.
Since p is a smooth point of Γε, the pullback of Hp is a union of two distinct lines L1, L2 ⊂ P2
each intersecting X in two points. Both D1 and D2 lie over these four points in X hence both
D1 and D2 are partitioned. 
We make the following observation for future reference.
Lemma 5.18. The projection of the cone QC from the vertex of Γε ramifies over two distinct
lines L1, L2. The duals p1, p2 of L1, L2 are the branch points of Y → Y given in (5.1).
Proof. Projection from the vertex of Γε naturally realizes QC as a double cover of the plane H
∨
ε
dual to Hε. Let Ri be the ray in QC mapping to Li. Note that the tangent plane of a ray
R ⊂ QC contains the vertex of Γε iff R = R1 or R2.
The tangent planes of the rays are parametrized by q̂C and the planes containing the vertex of
Γε are parametrized by Hε. Therefore, {p1, p2} = Hε ∩ q̂C represent the tangent planes Hi of Ri.
The lines L1, L2 ⊂ H∨ε are projections of H1,H2 and therefore are dual to the points p1, p2 ∈ Hε.
Recall Hε ∩ q̂C are the branch points of Y → Y . 
5.6. Arithmetic subtleties in the even case. When C has a vanishing theta-null θ over ksep
and [ε] is even, we see that Γε and QC determine the conic Xε but not any particular twist of
the hyperelliptic curve Xε. We now show that the correct twist may nevertheless be determined
using the given symmetrization qε of Γε and paying attention to fields of definition during the
constructions.
The quadric QC is a cone over a conic qC and projection from the vertex of QC gives the unique
trigonal map C → qC . The conic qC is the Brauer–Severi variety V[θ]. Let us first consider the
case where [ε] is not bielliptic, where we obtain the genus 0 curve Y = Q̂C ∩ Γ̂ε (Section 5.4).
Consider a double cover S of the plane Q̂C branched over q̂C . The surface S admits a smooth
quadric model in P3: if q(x0, x1, x2) = 0 is a model for qC , then x
2
3 − q(x0, x1, x2) provides a
model for S. Observe that the surface S is isomorphic to P1 × P1 over k.
Let C˜ → C be the double cover obtained by pulling back C along the distinguished double
cover of Γε induced by its symmetrization as described in Section 3.6. Similarly, there is a
distinguished choice of S over Q̂C : the one that has split rulings. It is the one for which the
space quadric model has square discriminant, which we can attain by scaling q appropriately. In
S we find the double cover Y → Y branched over q̂C ∩ Y . This gives us models over the base
field of the required curves to let the construction of Section 5.4 go through. The fact that S
has split rulings ensures our selected twists are trigonally related.
Remark 5.19. When X is hyperelliptic, unlike the general case, the Prym varieties of twists of
the distinguished cover C˜ → C are also Jacobians: the corresponding curves are the quadratic
twists of X → X.
If [ε] is both even and bielliptic, the map qε : P
2
ε → Hε expresses the canonical model X as a
tetragonal cover of Y = Hε∩ Q̂C . We can follow the non-bielliptic case and construct the double
cover S → Q̂C , branched along qC , with split rulings. This gives us a double cover Y → Y , and
we obtain X = X ×Y Y .
6. Reverse construction from genus three curves
In this section we prove Theorem 1.5. We continue with the notation from Section 1.2. If the
intersection ΓX,κ ∩QX,κ happens to be a curve of geometric genus four, then the construction in
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Section 5 clearly recovers (X,κ). We will prove the converse: if (X,κ) is obtained from (C, ε),
we will show that the intersection ΓX,κ ∩QX,κ is the canonical model of C and the double cover
of ΓX,κ associated to the symmetrization qX,κ recovers ε on C.
Despite the uniformity of the statement, the proof requires the analysis of four cases, as in
Table 1. We treat each separately in Sections 6.2-6.5.
Recall that the class κ corresponds to an unordered pair of linear equivalence classes {[L1], [L2]}
of line bundles. We initially assume that L1 and L2 are defined over k and remove this assumption
in Section 6.6.
6.1. Preliminaries. Let P3 = PH0(ωC) and P̂
3 = |H0(ωC)|. Recall QC is the quadric containing
C ⊂ P3. The symmetrization induced by ε (Section 4) is denoted by
Aε : H
0(ωC)
∨ → Sym2H0(ωC ⊗ ε).
The cubic symmetroid Γε corresponding to ε is the pullback of the discriminant locus in |Sym2H0(ωC⊗
ε)| to P3 = PH0(ωC) = |H0(ωC)∨|.
In Section 5 we construct the canonical image of a curve X in PH0(ωC ⊗ ε). We thus identify
H0(ωC ⊗ ε) and H0(ωX) canonically up to scaling. The symmetrization map becomes
(6.1) Aε : H
0(ωC)
∨ → Sym2H0(ωX).
The cubic symmetroid Γε is still the pullback of the discriminant locus via (6.1).
When X is hyperelliptic, its canonical image X is a conic in P2. Let qX ∈ Sym2H0(ωX) be
the defining equation of X . We make use of the following simple observations.
Lemma 6.1. The natural restriction map j1 : Sym
2H0(ωX)→ H0(ω⊗2X ) is an isomorphism when
X is not hyperelliptic. If X is hyperelliptic, the kernel of j1 is spanned by qX . 
Lemma 6.2. The multiplication map j2 : W1⊗W2 → H0(ω⊗2X ) is injective if and only if the two
pencils L1 and L2 are not isomorphic. 
6.2. Non-hyperelliptic with distinct pencils. Assume X is not hyperelliptic and L1,L2 are
distinct. From Section 5 we conclude QC is smooth and Γε is non-degenerate.
Proof of Theorem 1.5 in Case 1. Since Γε is non-degenerate the symmetrization Aε is injective.
Lemma 6.2 implies j2 is injective.
The pencils L1 and L2 are constructed in Section 5.2 by pulling back the rulings of the dual
quadric Q̂C via qε. For a point p ∈ QC the plane Hp is tangential to Q̂C and Hp ∩ Q̂C is the
union of two lines in Q̂C . Therefore, the symmetrization establishes an isomorphism
QC
∼→ |W1| × |W2| : p 7→ qε(Hp) ·X.
Since QC spans the ambient space P
3, j1 ◦ Aε(H0(ωC))∨ = j2(W1 ⊗W2). Thus PH0(ωC) is
canonically identified with |V ′|. Under this identification, QC is the pullback of |W1| × |W2| and
Γε is, by definition, the pullback of the discriminant locus from Sym
2H0(ωX). 
6.3. Non-hyperelliptic with coincident pencils. AssumeX is not hyperelliptic but L1 ≃ L2.
For the sake of exposition, let L := L1 = L2 and W := W1 = W2.
The multiplication map j2 : W ⊗W → H0(ω⊗2X ) is not an isomorphism and factors through
Sym2W →֒ H0(ω⊗2X ). We will use the decomposition: 0
∧2W W ⊗W Sym2W 0.
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The map j1 is an isomorphism (Lemma 6.1). Define T ⊂ Sym2H0(ωX) as the pullback of
Sym2W , so that (1.1) factors as follows:
(6.2)
V ′ W1 ⊗W2
T Sym2W
Sym2H0(ωX) H
0(ω⊗2X ).
p
∼
j2
p
∼
∼
j1
We may identify |V ′| with |W ⊗W | and |T | with |Sym2W |. Note that the cubic Γ(X,L,L) will
be a cone over the cubic curve E ⊂ |T | ≃ |Sym2W | obtained by pulling back the discriminant
locus D ⊂ |Sym2H0(ωX)|. The vertex of Γ(X,L,L) in |W ⊗W | is [
∧2W ]. Our goal is to show
that |W | × |W | cuts out C from within Γ(X,L,L).
Proof of Theorem 1.5 in Case 2. From Section 5 we know Γε is a cone and QC is smooth. Let
Hε ⊂ P̂3 be the plane dual to the vertex of Γε. Projecting QC from the vertex of Γε realizes QC
as a double cover of the plane H∨ε branched over a smooth conic q ⊂ H∨ε .
In what follows, we identify H∨ε with |Sym2W |. The identification |V ′| ∼→ |W ⊗W | sends
the vertex of Γε to the point [
∧2W ]. It can be checked directly that |W | × |W | is the unique
quadric in |W ⊗W | which when projected from [∧2W ] is branched over the second Veronese
image v2(|W |) of |W | within |Sym2W |. We need to show that q = v2(|W |).
From Section 5.3 we get Hε = qε(P
2). From Lemma 5.10 we get that the dual of q is qε(X).
The space T defines qε so we may identify Hε with PT and H
∨
ε with |T | ≃ |Sym2W |. The
linear system inducing the restricted map qε|X is Sym2W → ω⊗2X . Therefore, qε|X factors
through the map X → PW induced by the pencil W → L followed by the second Veronese
v2 : PW → P Sym2W . The dual of the conic v2(PW ) is v2(|W |), as claimed. 
6.4. Hyperelliptic with distinct pencils. Assume X is hyperelliptic, with hyperelliptic in-
volution ι : X → X, and L1 6≃ L2. Recall X is the canonical image of X, cut out by qX . Let
OX(1) = OP2(1)|X .
Lemma 6.3. The image of Sym2H0(ωX) → H0(ω⊗2X ) coincides with the space of ι-invariant
2-forms H0(ω⊗2X )
ι. 
Let (W1 ⊗W2)ι be the ι-invariant subspace of W1 ⊗W2. As a consequence of Lemmas 6.2
and 6.3 the diagram (1.1) factors as follows:
(6.3)
V ′ (W1 ⊗W2)ι W1 ⊗W2
Sym2H0(ωX) H
0(ω⊗2X )
ι H0(ω⊗2X ).
p
p
Proof of Theorem 1.5 in Case 3. From Section 5 we know Γε is non-degenerate (Aε is injective)
and QC is a cone. The plane dual to the vertex of QC is Q̂C and q̂C ⊂ Q̂C is the strict dual of
QC . Note, QC is naturally a cone over the dual qC of q̂C .
First we need to identify V ′ with H0(ωC)
∨. For this we will prove j1 ◦ Aε(H0(ωC)∨) =
j2((W1 ⊗W2)ι). Use L1,L2 to construct X → PW1 × PW2 →֒ P(W1 ⊗W2). From Theorem 5.4
we see there is a natural projection from P(W1 ⊗W2) onto Q̂C and the ramification locus of the
double cover PW1 × PW2 → Q̂C is the smooth conic q̂C .
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In Section 5.4 we saw that the image of X under this projection is qε(X). As this map factors
through X , we must be projecting onto an ι-invariant plane; by dimension reasons, this plane
must be P(W1⊗W2)ι. Since qε|X is defined by the (degenerate) linear system H0(ωC)∨ → OX(2),
we conclude j1 ◦Aε(H0(ωC)∨) = j2((W1 ⊗W2)∨).
With V ′ = H0(ωC)
∨ the cubics Γε and ΓX,κ coincide as they are both the pullback of the
discriminant locus. We identified Q̂C with P(W1⊗W2)ι and the ramification locus of the double
cover PW1 × PW2 → P(W1 ⊗W2)ι with q̂C ⊂ Q̂C . The dual qC of q̂C is the intersection of the
dual space quadric |W1| × |W2| with the plane |(W1 ⊗W2)ι| inside |W1 ⊗W2|. The pullback of
|W1|× |W2| onto |V ′| gives a cone over qC with vertex dual to the plane Q̂C ; this cone is QC . 
6.5. Hyperelliptic with coincident pencils. Now X is hyperelliptic and L := L1 = L2,
W := W1 = W2. We continue to use X and qX from previous section.
The map j2 : W ⊗W → H0(ω⊗2X ) factors through Sym2W with kernel
∧2W →֒ W ⊗W . By
Lemma 6.1, the kernel of j1 is generated by qX and j1 factors through H
0(ω⊗2X )
ι (Lemma 6.3).
Let T stand for the image of V ′ in Sym2H0(ωX). The diagram (1.1) degenerates to:
(6.4)
V ′ (W ⊗W )ι W ⊗W
T (Sym2W )ι Sym2W
Sym2H0(ωX) H
0(ω⊗2X )
ι H0(ω⊗2X )
p
p
p
p
Lemma 6.4. The curve X and its canonical image X fit into the diagram
(6.5)
X PW P Sym2W
X P(Sym2W )ι
p
L
2:1 2:1
v2
qε
where v2 is the second Veronese embedding and the dashed arrow is the projection map.
Proof. The diagram (6.5) refines (5.1). Use the notation Y and Y introduced there. By definition
of L as the pullback of OY (1), there is a canonical identification of Y with PW . In diagram (5.1)
the vertical map Y → Y is given by the quotient of Y via ι. Therefore, the pullback of OY (1)
to Y identifies H0(OY (1)) with the ι-invariant sections of OY (2). As a result, Y is canonically
identified with P(Sym2W )ι and the map Y → Y factors through the second Veronese. 
We may now write Y for the projective line P(Sym2W )ι and Y for the projective line PW .
Denote the two branch points of the double cover Y → Y by p1 and p2.
Lemma 6.5. The image of the symmetrization Aε coincides with T . More precisely, the space
(Sym2W )ι is the image of the following composition of maps
H0(ωC)
∨ Aε−→ Sym2H0(ωX)→ OX(2)
∼→ H0(ω⊗2X )ι. 
Proof of Theorem 1.5 for Case 4. Let E be the pull back of the discriminant locus in |Sym2H0(ωX)|
to |T |. Then Γ(X,L,L) is a cone over E. Thus there is an isomorphism Γε ≃ Γ(X,L,L) but we do
not have a canonical isomorphism at the moment. Nevertheless, there is a quadric in |V ′| cutting
out C from Γ(X,L,L). We will show that this quadric is Q(X,L,L).
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Lacking a canonical identification of the ambient spaces of Γε and Γ(X,L,L) we need to use the
plane |T | instead. Lemma 5.18 implies that the projection of QC from the vertex of Γε realizes
QC as a double cover of |T | branched over two lines, say L1 and L2, which are dual to the two
points p1 and p2 in Y ⊂ PT . We need to show Γ(X,L,L) has the same property.
There exists a (+1)-eigenvector w1 ∈W and a (−1)-eigenvector w2 ∈W . The map Y → Y is
the quotient of Y = PW by ι with ramification points that are dual to the points [w1] and [w2]
in |W |. The corresponding branch points p1, p2 ∈ Y are then dual to the points r1 = [w21] and
r2 = [w
2
2]. That is, the lines L1 and L2 are obtained by pulling back r1 and r2 via the projection
|T | |(Sym2W )ι|.
The quadric cone Q(X,L,L) is obtained by pulling back the smooth quadric |W |×|W | in |W⊗W |
to |V ′|. This pullback factors through the plane |(W ⊗W )ι| and |W | × |W | intersects this plane
to give a conic q over which Q(X,L,L) is a cone. By construction, the conic q is the locus of
ι-invariant rank-1 tensors and can be described as the image of the following map:
(6.6) |W | → |(W ⊗W )ι| : [w] 7→ [w ⊗ ι(w)].
In order to determine the ramification locus of Q(X,L,L) → |T |, it is sufficient to determine the
ramification points of the projection of q down to |(Sym2W )ι|. Using the parametrization (6.6)
of q we can write the projection map as follows:
|W | ∼→ q ։ |(Sym2W )ι| : [w] 7→ [w · ι(w)].
Clearly, the two ι-invariant points [w1], [w2] ∈ |W | are the ramification points. The branch
points are r1 = [w
2
1] and r2 = [w
2
2 ]. Just as Q(X,L,L) is the cone over q, the branch locus of
Q(X,L,L) → |T | is the cone over r1 and r2, which is L1 ∪ L2. 
6.6. Descending QX,κ and ΓX,κ to the ground field. The following result explains why the
constructions given in previous subsections descend to the base field k.
Proposition 6.6. X be a curve of genus three and let κ ∈ KumX(k)\{0}. Then QX,κ and ΓX,κ
are defined over k.
Proof. Let κ correspond to the unordered pair of classes {[L1], [L2]} of line bundles, where L2
is identified with ωX ⊗ L∨1 . By hypothesis, κ is defined over k, so each line bundle class [Li] is
defined over at most a quadratic extension k′ of k. We write Vi = V[Li] for the Brauer–Severi
variety defined over k′ corresponding to [Li]. The Brauer–Severi variety corresponding to ω
⊗2
X is
a P5. Divisor addition is represented by a morphism of k′-varieties
a : V1 × V2 → P5.
Observe that the action of Gal(k′/k) is limited to swapping V1,V2, so the image of a is Galois-
invariant and therefore defined over k. In fact, if k′ 6= k then we can descend a to k by replacing
V1 × V2 with the Weil restriction of scalars of V1 relative to k′/k.
First assume X is not hyperelliptic and the pencils are not self-residual. Then the image of
a is a quadric surface QX,κ which spans a linear projective 3-space P
3. The identification of
P
5 = |ω⊗2X | with |Sym2H0(ωX)| gives us the discriminant locus D which intersected with our P3
gives ΓX,κ.
Second, assume X is not hyperelliptic but the pencils are self-residual, so [L1] = [L2]. In
particular, the Brauer–Severi varieties V1 = V2 are defined over k. The map a is defined over k
and its image is a P2 in P5 over k and therefore over k. We denote the branch locus with qa, which
is defined over k and is the image of the diagonal of V1×V1. We identify P5 with |Sym2H0(ωX)|
once again to obtain a plane cubic E ⊂ P2 as the pullback of the discriminant locus. We can
take QX,κ as a double cover of P
2 branched over qa. Then QX,κ admits a smooth quadric model
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in P3, the cover QX,κ → P2 extends to a projection P3 99K P2 and ΓX,κ is the cone over E. There
is choice here: the double cover QX,κ → P2 admits quadratic twists. We can normalize it to
have square discriminant, so that its rulings are defined over k. It is straightforward to check
that taking a quadratic twist of QX,κ corresponds to taking a quadratic twist of the double cover
C → E.
Third, assume X is hyperelliptic but the pencils are not self-residual. As in the first case,
we find a quadric surface Q′ ⊂ P3k ⊂ |H0(ω⊗2X )|. However, this quadric surface is not QX,κ.
We have a projection |Sym2H0(ωX)| |H0(ω⊗2X )| and the pullback of the P3k above is another
projective 3-space |V ′| ⊂ |Sym2H0(ωX)|. In |V ′| we find our ΓX,κ as usual by the pullback of
the discriminant locus. The pullback of Q′ to |V ′| is our QX,κ which is a singular quadric cone.
Finally, assume X is hyperelliptic and the pencils are self-residual. This is a combination of
the last two constructions. The image of a is a rational P2k with branch locus a conic defined over
k. As in the previous case, pull these back to |Sym2H0(ωX)| via the projection to |H0(ω⊗2X )|.
The pullback of the plane P2k is another plane P
2
k but the pullback of the quadric branch locus
is a pair of lines. Now this latter P2k contains also a cubic plane curve E as the discriminant
locus. Proceed as in the second case to find the cone ΓX,κ over E and a double cover QX,κ of P
2
k
branched over the two lines. 
7. Milne’s correspondence between tritangents and bitangents
Let C ⊂ P3 be a generic canonical curve of genus four with a line bundle ε of order two.
We drop the subscripts and denote the quadric QC containing C by Q, the plane quartic Xε
associated to (C, ε) by X. The goal of this section is to show that there is a correspondence
between bitangents of X and pairs of tritangents of C differing by ε where two tritangents H1
and H2, Hi · C = 2Di, are said to differ by ε if D1 −D2 ≡ ε.
Let Γ be the cubic symmetroid corresponding to ε and q : P2 → P̂3 its symmetrization, and
c : P2 Γ ⊂ P3 its adjugate (Section 3.3). A line L ⊂ P2 will be called generic if it avoids the
base locus of c. For generic L, q(L) ⊂ P̂3 is a conic and c(L) ⊂ P3 is a twisted cubic. As C
is generic, we assume the bitangents of X are generic (Remark 7.4). For a generic line L ⊂ P2
let ΛL be the enveloping cone of the family of planes defined by q(L) ⊂ P̂3. Let TL stand for
the twisted cubic c(L) ⊂ Γ. We give a modern proof, outlined in Section 7.1, of the following
statement.
Theorem 7.1 (Milne [16]). Let L ⊂ P2 be a bitangent of the curve X. The enveloping cone ΛL
intersects Q along two conics. The two planes spanned by these conics are a pair of tritangents
of C that differ by ε.
Starting from a pair of tritangents H1 and H2 of C differing by ε, one can reverse the construction
to obtain a bitangent of X as follows. Let D1 and D2 be divisors on C such that Hi · C = 2Di.
Since C is generic we assume that each Di is supported on three points.
Corollary 7.2. There is a twisted cubic T passing through the six points in the support of D1
and D2. The twisted cubic T is contained in Γ and its preimage c
−1(T ) is a bitangent line of X.
Proof. Identify the lines in the ambient space P2 of X with divisors in |ωC ⊗ ε| (Theorem 5.1).
Let L ⊂ P2 be the line corresponding to the divisor D1 +D2. We show in Corollary 7.11 that
the twisted cubic TL = c(L) in Γ passes through the points in the support of D1 +D2. This line
must be a bitangent of X by Proposition 7.5. 
In fact, this proof implies that if we view a generic divisor D ∈ |ωC ⊗ ε| as six points on
the canonical curve C ⊂ P3, then we can find a twisted cubic T ⊂ P3 passing through D ⊂ C.
Moreover, this twisted cubic can be used to reconstruct Γ as follows.
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Corollary 7.3. Let T be the twisted cubic passing through the six points in C defining a generic
divisor D ∈ |ωC ⊗ ε|. Then, there is a unique cubic hypersurface containing C and T—it is the
Cayley cubic Γ.
Proof. We follow Milne’s original argument here. Any cubic surface containing ten points on T
will contain T by Bézout theorem. A cubic surface containing C will already contain the six
points of contact which lie on T . Fix four general points t1, . . . , t4 on T and consider the locus
of cubic surfaces containing C as well as t1, . . . , t4. Since the space of cubics containing C is
a projective space of dimension four, we expect to find a unique cubic surface satisfying these
conditions. This expectation is realized when C and t1, . . . , t4 are generic, as can be readily
checked. We are done since Γ contains both T and C by Corollary 7.2. 
Remark 7.4. We claim that if C is generic, then the divisor D1 + D2 defined by a pair of
tritangent planes of C will be generic in the sense of this result. It suffices to generate one such
C. To construct it, start with four lines L1, . . . , L4 in general position and construct c : P
2
P
3
using the cubics passing through the six points Li ∩ Lj , i, j = 1, . . . , 4. A generic quartic plane
curve X clearly has bitangents avoiding these six points. To construct C from X, form the
adjugate map q : P2 → P̂3, choose a general quadric Q̂ containing q(X) and intersect the dual of
Q̂ with c(P2).
7.1. Outline for the proof of Milne’s theorem. A quadric surface Q′ ⊂ P3 is said to be a
sextactic quadric of C if Q′ · C = 2D. If D ∈ |ωC ⊗ ε| then Q′ is said to belong to the system
corresponding to ε. There are 255 systems, each corresponding to an order two point of JacC [2].
Each system is a three dimensional cone over a second Veronese image of P2 with vertex Q.
As usual ρε : C → P2 denotes the Prym-canonical map (see also Theorem 5.1). For a line
L ⊂ P2 let DL = ρ∗ε(L) ∈ |ωC ⊗ ε|. The set of quadrics in P3 intersecting C along 2DL span a
pencil containing Q. Denote this pencil by PL ⊂ |OP3(2)|.
Using Proposition 7.12 we distinguish an element of PL: For a generic line L ⊂ P2 the envelope
ΛL of the conic q(L) ⊂ P̂3 is contained in PL. Now we wish to determine the lines L for which
PL = 〈ΛL, Q〉 contains a reducible quadric.
Proposition 7.5. The pencil PL contains a reducible quadric H1 ∪ H2 if and only if L is a
bitangent of X. In this case, the planes Hi are tritangents of C.
Proof. Lemma 7.13 implies that 〈ΛL, Q〉 contains a reducible quadric if and only if the locus of
enveloping tangent planes q(L) of ΛL is bitangent to the dual quadric Q̂ ⊂ P̂3. By Theorem 5.1
we know that X equals q−1(Q̂). Therefore, the curve q(L) is bitangent to Q̂ if and only if L is
bitangent to X. It is clear that H1 and H2 cannot be equal, giving a non-reduced element in PL.
Otherwise, DL would belong to the canonical linear system |ωC | instead of |ωC ⊗ ε|. Now apply
Lemma 7.14 to conclude that the planes Hi are tritangents to C. 
These argument above completes the proof of Theorem 7.1 modulo the proofs of Proposi-
tion 7.12, Lemma 7.13 and Lemma 7.14. These proofs appear in Sections 7.3 and 7.4.
7.2. Removing the genericity assumptions. In this subsection we will give, without proof,
an indication as to what needs to be changed if genericity assumptions are to be removed.
First, suppose that (C, ε) is not bielliptic and the quadric Q containing C is smooth. Assuming
no other restrictions on (C, ε), the bitangents of X may pass through some of the base points
of the parametrization c : P2 Γ. Depending on how many base points are contained in a
particular bitangent L ⊂ P2 the corresponding “twisted cubic” TL may degenerate to any one of
the following: a union of a conic and a line intersecting it at a point, a union of three concurrent
non-planar lines, a union of two skew lines and a third line intersecting the first two.
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Except for finitely many lines L, the image q(L) is a conic and the correct choice of ΛL is its
enveloping cone. However, for finitely many L, the map L
q→ q(L) will be 2-to-1 and q(L) will
be a line. In this case, the correct choice of ΛL is the union of the two planes dual to the branch
points on q(L). These two planes are already tritangents—unless the pencil 〈ΛL, Q〉 contains
another pair of planes, in which case, the latter pair of planes will be tritangents.
When Q is singular, we must take (C, ε) to be even since an odd pair (C, ε) does not behave
well from the very start (e.g. see Corollary 4.7). When (C, ε) is even, the canonical image of X
is a conic X ⊂ P2. The 28 “bitangents” of X will then be the 28 lines passing through any two
of the images of the eight Weierstrass points in X . The images q(L) of these bitangent lines are
always conics and the correct choice of ΛL is again the envelope of q(L).
7.3. Cayley cubic and enveloping cones. Let n1, n2, n3, n4 denote the four nodes of the
Cayley cubic Γ and Eij := 〈ni, nj〉 ⊂ Γ the lines between them. Let ψ : S → Γ be the resolution
of the four nodes by blow-ups. We will write Ni ⊂ S for the preimage of the node ni and Eij
for the proper transform of Eij . The Eij ’s are disjoint (−1)-curves and their blow-down gives
a map π : S → P2. The images of Ni in P2 are lines, denoted by N i. The curves Eij collapse
to points eij . The line class in P
2 as well as its pullback π∗ℓ in S will be denoted by ℓ. The
following result is straightforward and well known so we state it without proof.
Lemma 7.6. For all i = 1, . . . , 4 we have Ni ≡ ℓ −
∑
j 6=iEij. Also ωS ≡ −3ℓ +
∑
i<j Eij.
Finally, the map ψ : S → P3 is induced by the anti-canonical linear system ω̂S. 
From Lemma 7.6 we see that any quadric hypersurface Q′ ⊂ P3 pulls back on S to a divisor
in |ω̂⊗2S |. Since C misses the nodes of Γ, we identify C and its pullback to S.
Lemma 7.7. The pullback map |OP3(2)| → |ω̂⊗2S | : Q′ 7→ ψ∗(Q′) is an isomorphism.
Proof. The pullback map is obtained from the restriction map H0(S, ω̂⊗2S ) → H0(P3,OP3(2)).
Since Γ is not contained in a quadric, this map has trivial kernel. As h0(P3,OP3(2)) = 10, it
remains to show h0(S, ω̂⊗2S ) = 10. Since C is a quadric section we have C ≡ ω̂⊗2S . By adjunction
we get ω̂S|C ≃ ωC . This yields the following exact sequence: 0 OS ω̂⊗2S ω⊗2C 0.
As S is rational, the irregularity of S is 0. Taking global sections of this sequence gives that
h0(ω̂⊗2S ) = h
0(ω⊗2C ) + 1. By Riemann–Roch on C we have h
0(ω⊗2C ) = 9. 
Lemma 7.8. Given any line L ⊂ P2, there is a unique quadric Λ in P3 such that ψ∗(Λ) ≡
2π∗(L) +N1 +N2 +N3 +N4.
Proof. This is an immediate consequence of the previous lemma, combined with the observation
that 2π∗(L) +N1 +N2 +N3 +N4 ≡ ω̂⊗2S . 
Proposition 7.9. For a line L ⊂ P2 not passing through any of the points eij , there exists a
unique quadric Λ passing through the nodes of Γ and tangential to Γ all along the twisted cubic
c(L). This quadric is the envelope ΛL of q(L).
Proof. Since L does not pass through eij , the map c : P
2 Γ maps L to a twisted cubic. Let
Λ be as in Lemma 7.8. By degree reasons, we have Γ · Λ = 2c(L). However, the pullback of a
degree three hypersurface onto a smooth quadric is a (3, 3)-class, which is not divisible by two.
Therefore, Λ must be singular. Then, Λ must be an irreducible quadric because a twisted cubic
does not lie on a plane. A cone is defined by its enveloping tangent planes. For each point
on the twisted cubic c(L), the tangent plane of Λ coincides with the tangent plane of Γ. With
γ : P3 P̂3 the Gauss map of Γ we then conclude that the enveloping planes of Λ is the image
γ ◦ c(L) = q(L) (Lemma 3.9). 
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Lemma 7.10. The restriction of the blow-down map π : S → P2 to C coincides with the Prym-
canonical map ρε : C → P2 induced by the line bundle ωC ⊗ ε.
Proof. By Theorem 4.2 the double cover of Γ branched over the nodes induces the double cover
on C corresponding to ε. The preimage of the nodes in S gives a divisor divisible by two:
N1 +N2 +N3 +N4 ≡ 2(2L −
∑
i<j Eij). Since S is simply connected, there is a unique divisor
class whose double is N1 + · · · + N4. Therefore, there is a unique double cover of S branched
over the preimage of the nodes of Γ. This double cover resolves the singularities of the double
cover of Γ branched over the nodes [7]. Therefore, the intersection (2L−∑i<j Eij) ·C must give
a divisor class equivalent to ε. Since C is a quadric section of S we have C ≡ ω̂⊗2S by Lemma 7.6.
By adjunction we get (3ℓ−∑i<j Eij)|C ≡ ωC . As a result ωC ⊗ ε ≡ ℓ|C . 
Corollary 7.11. Let D ∈ |ωC ⊗ ε| be a general divisor and L ⊂ P2 be the line for which
ρ∗ε(L) = D. Then the twisted cubic c(L) passes through the six points in the support of D.
Proof. Since D is general c(L) is a twisted cubic. The cubic map c : P2 Γ is the composition of
the rational inverse of π with ψ : S → Γ. Thus c(L) = ψ(π−1(L)). We are done by Lemma 7.10
since π−1(L) ·S C = D. 
Proposition 7.12. The envelope ΛL satisfies ΛL · C = 2DL.
Proof. By Proposition 7.9 and Lemma 7.8 we have ΛL|S ≡ 2π∗(L)+N1+N2+N3+N4. Since C
does not pass through the nodes we get Ni ·C = 0. Therefore, ΛL|S ·C ≡ 2π∗(L) ·C ≡ 2ρ∗ε(L) =
2DL where we used Lemma 7.10. 
7.4. Pencils of quadrics. Let Λ ⊂ P3 be an irreducible quadric cone and Q ⊂ P3 be a smooth
quadric. Denote the dual of Q by Q̂ ⊂ P̂3. The dual of the cone Λ ⊂ P3 is a plane Λ̂ and there
is a conic λ̂ ⊂ Λ̂ parametrizing the enveloping tangent planes of Λ.
The following lemma reformulates, in terms of λ̂ and Q̂, the condition for Λ and Q to intersect
along two conics. Clearly the base locus Λ ∩ Q of the pencil 〈Λ, Q〉 breaks into a union of two
conics if and only if 〈Λ, Q〉 contains a reducible conic. We will say λ̂ is bitangent to Q̂ if λ̂ 6⊂ Q̂
and λ̂ is tangential to Q̂ at every point of the intersection λ̂ ∩ Q̂.
Lemma 7.13. The pencil 〈Λ, Q〉 contains a reducible but reduced quadric if and only if λ̂ is
bitangent to Q̂. The pencil 〈Λ, Q〉 contains a non-reduced element if and only if λ̂ ⊂ Q̂.
Proof of Lemma 7.13. Let x ∈ Λ be the vertex of the cone and πx : P3 P2x be the projection
map from x. The plane Λ̂ is dual to P2x and πx(Λ) is a conic λ ⊂ P2x dual to λ̂.
If the vertex x is not on Q then the projection map πx realizes Q as a double cover of the
plane P2x. When x is on Q then the projection maps Q birationally to P
2
x, contracting the two
lines of Q through x. In either case, we will write R ⊂ Q for the ramification locus in Q of
the projection πx|Q—this is a smooth conic if x /∈ Q and a pair of lines through x when x ∈ Q.
Denote the image of R in P2x by B, which is the branch locus of πx|Q. Note that B is a smooth
conic if x /∈ Q and B is a pair of distinct points if x ∈ Q.
The intersection Λ̂∩Q̂ is dual to B. Indeed, Λ̂∩Q̂ parametrizes the tangent planes of Q which
pass through the vertex x ∈ Λ. A point p ∈ Q is in R, and thus maps to a point in B, if and
only if the ray 〈x, p〉 is contained in the tangent plane of Q at p.
Case 1: We have H1 = H2 if and only if the intersection Λ ∩ Q is non-reduced everywhere.
This happens precisely when the enveloping planes of Λ are tangent to Q, which means λ̂ ⊂ Q̂.
Case 2: Now let us assume x ∈ Q. Notice that H1 6= H2 since λ̂ is a conic but Λ̂∩Q is a pair
of lines so that λ̂ is not contained in Q̂. In this case, B consists of two distinct points, whose
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dual is the union of the two lines Λ̂ ∩ Q̂. The conic λ̂ is tangential to these two lines Λ̂ ∩ Q̂ if
and only if its dual λ contains B.
The two points in B are the images of the two lines in Q passing through x. We have B ⊂ λ if
and only if these two lines of Q are contained in Λ. It is readily seen that the intersection Q∩Λ
splits into the union of two hyperplane sections of Q precisely when one of these hyperplanes is
the tangent plane of Q at x, which is the case here.
Case 3: We now assume x /∈ Q and H1 6= H2, this is the generic case. Since x /∈ Q the
intersection Q̂ ∩ Λ̂ is a smooth conic and then so is its dual B. The conic λ̂ is a bitangent of Q̂
if and only if λ̂ is a bitangent of Λ̂ ∩ Q̂. The latter holds if and only if λ and B are bitangent.
Consider a point y¯ ∈ B, which has a unique preimage y ∈ Q. By definition of B, the tangent
plane TyQ of Q at y passes through x. Furthermore, since R maps isomorphically to B, and
because the tangent direction of R at y lies in TyQ, the tangent line of B at y¯ is πx(TyQ). Thus,
λ and B are tangential at y¯ if and only if the tangent planes of Λ and Q coincide at y.
We further note that, since x /∈ Q, the intersection Λ∩Q is singular at a point y if and only if
the tangent planes of Q and Λ coincide at y. In other words, Λ∩Q is singular at y if and only if
λ and B are tangential at y¯. On the other hand, Λ ∩Q→ λ is ramified exactly at the points of
intersection λ ∩B. A point in Λ ∩Q which lies over a point of transversal intersection in λ ∩B
is an honest ramification point of a smooth component of Λ ∩Q over λ. The intersection Λ ∩Q
splits into two conics if and only if there is no non-singular points in Λ∩Q that are ramified over
λ. This happens precisely λ intersects B with even multiplicity at every point of contact, i.e., λ
is a bitangent of B. 
Let Γ ⊂ P3 be any normal cubic and C = Γ ∩ Q a smooth curve. We will assume that the
intersection of Λ with Γ yields an effective curve of even multiplicity, that is Λ · Γ = 2Y .
Lemma 7.14. If there is a reducible and reduced element H1 ∪H2 in the pencil 〈Λ, Q〉 then it
is unique and Hi are tritangents of C.
Proof. At most one of the conic σi = Hi ∩Q can be reducible. Indeed, any collection of lines in
Λ are concurrent at the vertex of Λ. However, since H1 6= H2, if both σi are reducible we will
have at least three non-concurrent lines in Λ. One of H1 or H2 is necessarily the span of the
irreducible conic σ1 or σ2. The other plane is then the span of the other conic. This proves that
the reducible element of the pencil is unique.
Let Di := σi ·Q C. Since Λ ·Γ = 2 · Y we have Λ ·C = D1 +D2 = 2(Y ·Γ C). That is, the sum
D1 +D2 is an even divisor. In order to prove that Hi is a tritangent of C we need to show that
Di is even. This condition could fail to hold only if C passes through a point p in σ1 ∩ σ2 and if
σi intersects C transversally at p. We will prove that σ1 ∩ σ2 ∩ C = ∅.
The cone Λ may have its vertex on Q, this would be the singular point of the reducible conic
σi. But there is no smooth conic passing through the vertex of Λ. Therefore, σ1∩σ2 is contained
in the smooth locus of Λ.
By hypothesis, Λ is tangential to Γ at smooth points of contact. The cone Λ is tangential to
Q at the singular points of σ1 ∪ σ2, in particular on σ1 ∩ σ2. Since the intersection C = Γ ∩Q is
smooth, the tangent planes of Γ and Q must both be well defined and transversal at every point
of C. Therefore, a point p ∈ σ1 ∩ σ2 cannot lie on C, otherwise the tangent planes of Γ and Q
at p would coincide with the tangent plane of Λ at p. 
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